Unit 88

Variations on the continued fraction expansion
Variation 1

Feedbackl continued fraction expansion

Continued fraction expansion z — scf(z)
Input: number zeR,, limiter keN
X:=Z
1:=0
ao:=Int(X)
X:=(x-int(x))™
=i+1
ai:=int(x) —
x=int(x) or i=k
n:=i
Output: n, scf(z)=[ag;a1,a;,a3,a4,...,an]

Feedbackl continued fraction expansion z — flscf(z)
Input: number zeR,, limiter keN
X:=Z
1:=0
Co:=INt(X)
X:=(x-int(x)) *int(x)
=1+1
ci:=int(x) —
x=int(x) or i=k
n:=i
Output: n, f1scf(z)={co;C1,C»,C3,C4,...,Cn}

Example 1

z=e=2.7182818284...
scf(e)=[2;1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
flscf(e)={2;2,2,3,4,5,6,7,8,9,...}

Example 2



z=0= (v/5+1)=1.618033989...

sef(®)=[1;1,1,1,1,1,1,...]
flscf(®)={1;1,1,1,1,1,1,...}

Example 3
ZZ\/E:1.6487212707001281468486507878141635716537761007101 .
scf(+/e)=[1;1,1,1,5,1,1,9,1,1,13,1,1,17,1,1,...]
f1scf(ve)={1;1,1,1,59,17,109,260,2909,3072,3310,3678,6715,35175,37269,. }

Example 4
7=e°=7.3890560989306502272304274605750078131803155705518. ..
scf(e’)=[7;2,1,1,3,18,5,1,1,6,30,8,1,1,9.42,11,1,1,...]
flscf(e?)={7;17,17,128,484,498,784,1316,1327,1416,2501,69664,79556,. }

Example 5

=Tl

scf(n)=[3;7,15,1,292,1,1,1,2,1,3,1,14,2,...]
flscf(n)={3;21,111,113,158,160,211,216,525,1634,1721,7063,...}

Example 6

z=+2
scf(v/2)=[1;2,2,2,2,2,2,2,...]
flscf(v2)={2:4,4,4,4,44.4,...}

Example 7

z=+/3
scf(v3)=[1;1,2,1,2,1,2,1,2,...]
flscf(v3)={1:1,2,2,2,2,2,2,...}

Example 8

z =5

scf(v/5)=[2:4,4,4,44,4,4,...]
f1scf(+/5)={2;8,16,16,16,16,16,16,...}

Example 9

Zz =411



scf(v/11)=[3;3,6,3,6,3,6,3,6,...]
flscf(v/11)={3;9,18,18,18,18,18,...}

Example 10
z=C,=0.697774657964...
scf(C)=[0;1,2,3,4,5,6,7,8,9,...]

f1scf(ci) ={1:1%2,2*3,3*4 4*5 5*6 6*7,7*8,...}
1

Example 11
z=1.3130352854993313036361612469308478329120139412405...
scf(z)=[1;3,5,7,9,11,13,15,17,19,21,23,25,...]
flscf(z)={1;1*3,3*5,5*7,7*%9,9*11,11*13,...}

Example 12
z=1.2432884783997156440824965453944294992312002611974. ..
scf(z)=[1%2% 3% 4° 5°,6%,7°,8%,9%,10° .. ]
flscf(z)={1";(1*%2)%,(2*3)?,(3*4)%,(4*5)? (5%6)*,(6*7)%,...}

Example 13

7 == = 2.5496467783038448822263926847976956004864252833540 ...
scf(z)=[2;1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
flscf(z)={2;3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,...}

Example 14

= = 1.5496467783038448822263926847976956004864252833540
scf(z)=[1;1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
f1scf(z)={1:1,1,4,7,14,14,14,15,49,496 515,1421,1453,1870,3462,8255,10593,16090,41616 ,.. }

7 =

Example 15

= 2e—: =2.8193502435980798917834874920688840359480216185845...

3e—
scf(z)=[2;1,4,1,1,6,1,1,8,1,1,10,1,1,...]
f1scf(z)={ 2;2.4,7,14,14,14,15,49,496 515,1421,1453,1870,3462,8255,10593,16090,41616 , . }

Example 16
— 26713 =3.8193502435980798917834874920688840359480216185845...

3e—8

scf(2)=[3:1,4,1,1,6,1,1,8,1,1,10,1,1,...]




f1scf(z)={3:3.4,7,14,14,14,15,49,496,515,1421,1453,1870,3462,8255,10593,16090,41616 , . }

Problems:

** Add more examples.

** Discuss and systematize all these examples.

** Discuss flscf-applications.

** Add inv.algs scf(z) — z and flscf(z) — z (see Units 7, 26, 30.1,
67; Deb 18).

** Add inv.dets scf(z) — z and flscf(z) — z (see Unit 7).

** Connections between z, scf(z), and f1scf(z)

Z
##—— = [0:1,a9,2;,85,83,4,85,...| =
741 [ 0,a41,a42,a43,a44,a5 ]

1 1 1 1
| + | | + |
11 Jap [a; Jap Jaz |ag Jas

C C C C C C
_ + 1|_|_ 2|_|_ 3|_|_ 4|+ 5|_|_ 6|+
lco lc1 Jez ez ea |cs  |ce

Compare the convergence of the a; and the c; continued

fractions.
## Find more.
** Come up with other scf loop body variations, f.e.
( 1 \
math. const.
: -1 X
X = (x —int(x)) = *14 int(x) (-
%P
\ ? J

X = (x — int(x))_2 e
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