Input: a; x[0]; ¢

x: = X[0]

y:=X

iy 2

X-y|<eg

sgr(a, € ): =x

Output: sgr(a, € )

How the Heron algorithm reacts for

a x[0]
pos.  pos.
pos.  neg.
neg. pos.
neg. neg.

Heron algorithm, experiment: jump in “input a”

<ali]” x[i]

a; =2 100.0

2] 50.01

2 | 25.024996

WIN P O|=—

2| 12.55245805




6.355894695

3.33528161

1.967465563

NINININ

1.49200089

2| 1.416241332

9 |a,=87| 1414215014

10 87| 31.46622092

11 87| 17.1155453

12 87| 11.09932182

13 87| 9.468819279

14 87| 9.328435433

15 87| 9.327/379113

16 87| 9.327379053 = sqr(87, e = 10°)

17 87| 9.327379053

X-robust, a-robust, dynamic input follower!

Input is 2-periodic
at) = A +A, *(-1)
fe. A=9A =-1

Input a(t) = per(a,b)
a=8Db=12

Output im eingeschwungenen Zustand
X[t] — per(A,B)

A = 3.5197542759174124258...
B =2.8963201071081401173...




Input a(t)=a Output  x[t] = A
a(t)="b x[t] — B
a<b A>B

**1 Quadriere A
A%=12.388670162...

**2 Quadriere B
B2 =8.388670162..

**3 Wenn Du richtig gerechnet hast, haben beide den gleichen frac:
C = frac(A?) = frac(B®) = 0.388670162...

**4 Entwickle C in einen einfachen Kettenbruch scf(C), scf(C) ist
periodisch.
scf(C) = [O;per(as,ay,as,...,an)]
scf(0.388670162...)=[0;per(2,1,1,2,1,13)]

**5 scf(C) ist damit Losung z einer quadratischen Gleichung
(quadratische Irrationalitat). Diese erhalt man aus scf(C) auf
folgendem Wege:
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For our example

7z +96
Z= — 2(182+247) =72+ 96
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**6  Now we have compact formula expressions for A and B
2
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A = ,[int(A*) - “ +\/(—aj +é
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B - int(BZ)5a+\/(5_aj P
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**

nested roots of the form /u ++/v .

Our example, step by step

Heron input a(t) = per(a,b)

a=8,b=12
2-periodic

Heron execution record, x[0] = 100

~t

a(t)
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X[t]

100.00000000000000000
50.040000000000000000
25.139904076738609113
12.729061635119958451
6.8358931356939235983
4.0030932225121466620
3.5003875491232888592
2.8929243847770317678
3.5204880575555523465
2.8964501270814858955
3.5197262932359027800
2.8963151507658511406
3.5197553427783226102
2.8963202960752838811
3.5197542352421609663
2.8963200999035630183
3.5197542774682008078
2.8963201073828224931
3.9197542758582869244
2.8963201070976675516
3.5197542759196666502
2.8963201071085393953
3.5197542759173264811
2.8963201071081248944
3.9197542759174157026
2.8963201071081406977



26 8 3.5197542759174123009

27 12 2.8963201071081400952
28 8 3.5197542759174124306
29 12 2.8963201071081401182
30 8 3.5197542759174124256
31 12 2.8963201071081401173
32 8 3.5197542759174124258
33 12 2.8963201071081401173
34 8 3.5197542759174124258
35 12 2.8963201071081401173
36 8 3.5197542759174124258
37 12 2.8963201071081401173
38 8 3.5197542759174124258

Heron output, transient response

X[t] — per(A,B)
A =3.5197542759174124258...
B =2.8963201071081401173...
2-periodic too

Note:
Input a(t) =a Output  Xx[t] — A
a(t)y=>b X[t] — B
a<b A>B

Input a(t) and Output x[t] are out-of-phase:
large/small Input — small/large Output.

Squaring
A2
BZ
C

12.388670162838908241337642...
8.388670162838908241337642...
0.388670162838908241337642...



Simple continued fraction of C
scf(C)= 1[0;2,1,1,2,1,13,2,1,1, 2,1, 13,

scf(C) — simple fraction, transformation in
matrix representation

0o 1\/o 1\/0o 1\/o 1\(0o 1\(0 1)/z
1 201 1)\1 1)\1 2/t 1)l1 13)\1)
7 96 Z 7z + 96 7z +96

= > 7=—
18 247 )\1) \182+ 247 187 + 247

Transformation into a quadratic equation

72+96
Z= — 2(182+247) =72+ 96
18z + 247
40 16
- 2 +—z72——=0
3 3
2
20 20 16
N ET
| 3 3 3
2
20 20 16
S T
3 3 3

= 0.388670162....



**

Solution by insertion into the general solution formula

a=7,=96,y=18,06=247 —

2
20 20 16
Z=——"+4[|— ) +— =0.388670162...
3 3

Nested roots representation of A and B by insertion into the
general solution formulas

A = \/int(A2)+z _ E(2+\/;)
3

= 3.5197542759174124258...

B — \/int(Bz)+z _ i(1+2\/;)
3

= 2.8963201071081401173...

ok.

More examples, in cooperation with Dagmar Schonfeld

a=5b=11

A =3.467890041910158036234732...

B = 2.454844464070919027685586...

C =0.026261342779637661....

scf(C) =[0,per(38,12,1,2,3,1,8,1,3,2,1,12)]
int(A%) = 12, int(B%) = 6

a =20461, p =259710, y = 779130, ¢ = 9889441



\/_ 2 o—«o \/
A = ,[int(A”) - +
2y
5 s—a\ P
int(B2) — “+J( “).P_
2y 2y 4

o —a 9889441 - 20461

y 779130
0868980 38 % 259710 38

779130 3% 259710 3
B 259710 259710

y 779130 3% 259710

1
3

gcd(o-a,pB,y) = 259710

19 /361 1 1
A= ,]12——+ —+——\/—(17+\/364)
3 9 3 3

= 3.467890041910158036234732...

19 /361 1 1
B = ,/6——+,[—+— \/—(1+\/364)
3 9 3 3

= 2.454844464070919027685586...

ok.



3,b=5
2.2889442899206719301190073335...
1.7997960891057767366371541042...
= 0.239265962360449034824654655. ..
scf(C) = [0,per(4,5,1,1,2,1,16,1,2,1,1,5)]
int(A%) = 5, int(B%) = 3

a =4759,  =26520, y = 19890, 6 = 110839

a
A
B
C

2
A = int(Az)—5a+\/(5aj P
2y 2y 4

2
B = int(52)5“+\/(5“) P
2y 2y 4

o —a 110839 — 4759

y 19890
106080 16 * 6630 16

19890 3%6630 3
B 26520 4 +6630

4
y 19890 3%x6630 3

gcd(d-a,B,y) = 6630



8 /64 4 1
A= ,|5—-—+ —+—\/—(7+\/76)
3 9 3 3

= 2.2889442899206719301190073335...

8 /64 4 1
B =,/[3——+ —+—=\/—(1+\/76)
3 9 3 3

=1.7997960891057767366371541042...

ok.

a=5Db=7

A =2.676440172866239405297311...
B = 2.272296635330049832040451...
C =0.1633319989322654706...
scf(C) = [0,per(6,8)]

int(A®) = 7, int(B*) =5

52
3+ 4]— =2.676440172866239...

3

52
B=4|1+,|— = 2.272296635330049...

3



a=3,b=6

A =2.542459756837412478271226...
B=1.861209718204199197882437...
C=0.4641016151377545871...
scf(C) = [0,per(2,6)]

int(A%) = 6, int(B%) = 3

3+ 12 = 2.542459756837412...

A=

B=1/412 =1.861209718204199 ..
a=2,b=4
A=1.519671371303185094662376...

B = 2.075909698604085008150407...
C =0.3094010767585030580...
scf(C) = [0,per(3,4)]

int(A%) = 4, int(B%) = 2

4

NA

=1.519671371303185...

2+ —— = 2.075909698604085 ...



a=4,b=16

A = 4.352945753690325752551141...

B =2.635931853172732937863768 ...

C =0.948136734570638115...

scf(C) = [0,per(1,18,3,1,1,4,4,4,1,1,3,18)]
int(A%) = 18, int(B%) = 6

a =83071, B = 1518660, y = 87615, § = 1601731

2
A - int(Az)—5a+\/(5aj L
2y 2y 4

2
B = int(52)5“+\/(5“) P
2y 2y 4

o —-—a 1601731-83071

y 87615

1518660 52 % 29205 52

87615 3% 29205 3
p 1518660 5229205 52

14 87615 3% 29205 3

gcd(d-a,B,y) = 29205



**7

26 676 28 8
A= ,[18——+ —+— \/—+ V13

3
= 4.352945753690325752551141...

26 676
B = ,/6-——+ —+— \/(1+\/ 13)
3

= 2.635931853172732937863768...
ok.

Open problem

It’s your turn

Verglichen mit a und b entstehen infolge der
Kettenbruchentwicklung von C fir J-a, £ und y sehr groRe
Zahlenwerte, die dann aber mit einem erstaunlich grof3en gcd(o-
a,f,y) wieder zu kleinen Zahlen in den nested roots fiir A und B
reduziert werden (vgl. Beispiele 1), 2) und 6)).

Daraus erwachst die Vermutung, dass man auch auf weniger
aufwendigem Wege als via Kettenbruchentwicklung und
anschlielender gcd-Berechnung — auf direktem Wege aus a und
b — zu eben diesen Zahlen gelangen kann.

Dazu weiteres experimentelles Material.

t a(t) X[t]

0 1000 100.0000000000000000000000
1 2000 55.00000000000000000000000
2 1000 45.68181818181818181818182
3 2000 33.78618272274988692899141
4 1000 46.49098965624952722313428
5 2000 34.00026696132644431132291
6 1000 46.41166725295532178041280



10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000
1000
2000

33.97898679235885137480698

46.41944685861988457827959
33.98107108286674520640286
46.41868386440368542895632
33.98086663679232727568243
46.41875869598566341629/761
33.98088668783129352328417
46.418751356/8761346976873
33.98088472129888177910228
46.41875207658835258014082
33.98088491416890640763992
46.41875200599302315887897
33.98088489525294487934028
46.41875201291674560775561
33.98088489710815071793717
46.418752012237693141507/89
33.98088489692619915798584
46.41875201230429203470759
33.98088489694404427763549
46.41875201229776026758224
33.98088489694229409590910
46.41875201229840087855533
33.98088489694246574 710200
46.41875201229833804985814
33.98088489694244891220333
46.41875201229834421185873
33.98088489694245056330641
46.41875201229834360751305
33.98088489694245040137247
46.41875201229834366678499
33.98088489694245041725434

097182

569671



T oOoooO~NoOoOOOoOTP,~,WNEO T

~

O ooO~NOOOUOLTR~wWwDNE O

a(t)

1000
100
1000
100
1000
100
1000
100
1000
100

1000
100
1000
100
1000
100
1000
100

a(t)

100
-10
100
-10
100
-10
100
-10
100
-10

100
-10
100

X[t]

100.0000000000000000000000
55.00000000000000000000000
28.40909090909090909090909
31.80454545454545454545455
17.47437505684254290799953
37.35051409223518508786677
20.01392670609944864 744141
34.98956708406168468346932
18.92378093087752547117348
35.88367170600262789588965

19.21699250519264872013281
35.62713573871228891450035
19.21699250519264871003999
35.62713573871228892311901
19.21699250519264871400981
35.627135738712288931972902
244836
2106241

X[t]

100.0000000000000000000000
50.50000000000000000000000
25.15099009900990099009901
14.56348835725025115443342
6.938419840571817605731713
10.67546165322793532453698
4.869367006629831249700500
12.70295860599727019859976
5.957870211204899746664193
11.37119580070211153825691

5.498880947351890333058537
11.84219961480239988288157
5.498880949195993906680750



93 -10
94 100
9% -10
96 100
97 -10
98 100
99 -10

a(t)

100
1
100
1
100
1
100
1
100
1
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160 100
161 1
162 100
163 1
164 100
165 1
166 100
167 1
168 100
169 1

11.84219961267510585166964
5.498880948056500875444067
11.84219961398958555779093
5.498880948760606863077929
11.84219961317735326989026
325531589876237
67924104068507

X[t]

100.0000000000000000000000
50.50000000000000000000000
25.25990099009900990099010
14.60937234708282195196492
7.338910778686740115795410
10.48245550718200656273318
5.288926501242011891070330
12.09817753238657/301236163
6.090417305029942709933191
11.25482672888325098096786

5.802514901479988794975777
11.51821076304376903337224
5.802514901479988794975776
11.51821076304376903337224
5.802514901479988794975776
11.51821076304376903337224
5.802514901479988794975776
11.51821076304376903337224

Aus diesem Material ersieht man

A’_B’=p-a.

Hardwarerealisierung?
Anwendungen?



