193.1

Our initial collection of infinite branched nested
expressions. Find more.
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(b4 + ...

(((cq)™e + 1q)%e + 0q) | (bo + ao(b1 + a1(bs + ax(bs + a3z(ba)))))

(b3 + A3
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1+ ..

(a+8-¢(u+9-¢(u+¥-1))) | (((((1-4+n)3-6+n)5-84n)7-10+n)9-12+n)

1+ 7-10
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(+0T-(1-8-(1+9-(1-4-1)))) | ((((((((1-4-1)-6+1)-8-1)-10+1)-12-1)-14+1)-16-1)-18+1
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+ 8:10

9

1] ((((1-4-1)-641)-8-1)-10+1)

5446

! ((1-4-1)-6+1)

1+

]
—

_JC

(6)




193.2

Collection of infinite branched continued fractions®
see Unit 12.C. Find more.
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Hybrid forms
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More you can find in Unit 12.C.
Your turn is to continue this collection.

193.4
A collection of infinite continued fractions®
waiting for their conversion into branched

Infinite expressions
193.4.1

|1 |3+|5+|7+|9+|11
3 s 7 o

l\.)l)—‘

f(3,4) = =1[0;1,1,3,1,1,7,1,1,11,1,1,15, ...] = =[1; 8,16,24,32,40, ...]

1 |5 |9 |13 |17 |21
f(58)_|_| 9 113 117 |

1
—t+—+— 0;1,1,5,1,1,13,1,1,21,1,1,29, ...| = =[1; 12,28,44,60,76, ...
ntstotm ottt Tl =5l ]

f(712)—|1+|7+|13+|19+|25+|31+ =10;1,1,7,1,1,19,1,1,31,1,1,43, ...] =
) | | 13| 19| 25| 31| - J Lt D Bl Bl | Pt B et e )

NIH

[1;16,40,64,88,112, ...]

1 12 3 |4 |5 |6 1 1
f(2,2) = _| + _| + _| + _| + _| + _| +:.=[0;11,211411,611871110..] = a1 E[l; 6,10,14,18, ...]

f(46)—| +|4+|7+|10+|13+|16+ = [0;11,41,1,101,1,161,1,22,1,1,28 ..] = - [1; 10,22,34,46,58
| | | 10' 13' 16' - > 4H4%4,4,19,4,14,10,4,1,24,1,1, e —2[; )44y 07,70, ...]

f(610)—| |6+|11+|16+|21+|26 =1[0;1,1,6,1,1,16,1,1,26,1,1,36,1,1,46, ...] =
I I 11| 16| 21| 26| - ) il e R el Al ] el ) Lt Al ] L

l\)lr—\

[1;14,34,54,74,94, ...]

(7)

[1 In+1 |n+1 In+1 |4n+1
1] n+1] 2n+1] 3n+1| 4n+1]

[0;1,1,n+1,1,1,3n +1,1,1,5n+ 1,1,1,7n + 1, ...] =

~[1;2(n +2),2(3n +2),2(5n + 2),2(7n + 2), .. n=1,23,...

(8)
Find a proof in 2by2 matrix representation.

Gaps



=[0;11,2,1,1,41,1,6,1,1,8,1,1,...]
= %[1; 6,10,14,18,22,.. ]

L
e-1

1 3 5 7 |9 |11+'“
=[0;1,1,3,1,1,7,1,1,9,1,1,11,1,1,.. ]

- %[118116,24’32140’]

2 |4 6 [8 0 |2
-[0;11,3,1,1,5,1,1,7,1,19,1,1,..]
AR s
-[0;1,1,4,1,1,10,1,1,16,1,1,22,1,1,..]
B R R
-[0;1,15,1,1,13,1,1,21,1,1,29,1,1,..]
1 7/ 13 19 25 31

L7 B e 25 st
-[0;1,4,7,1,1,19,1,1,31,1,1,43,1,1,..]

Generalization



f(a,b) =
[0;1,1,4,1,1,a+b,1,1,a+2b,1,1,a+3b,1,1,a+4b,1,1,...] =

%[1;2(a+1),2(a+b+1),2(a+2b+1),2(a+3b+1),2(a+4b+1),...]

y(a,b) =

[2;1,4,1,1,a+b,1,1,a+2b,1,1,a+3b,1,1,a+4b,1,1,...]
y(ab)-1_

y(ab)+1
[0;2,2(a+1),2(atb+1),2(a+2b+1),2(a+3b+1),2(a+4b+1),...]

to

f(2,2) =
[0;111121111141111161111181111110’1’1’"'] —

%[1;6,10,14,18,22,...] =

L

e—1

1y 2 3 4.5 6 7.8,

R R RRBE R



f(3,2) =
[0;1,1,3,1,1,51,1,7,1,1,9,1,1,11,1,1,...] =

%[1;8,16,24,32,40,...] =

? =
2 4] 6 § 10\ 12\ 14\ 16\
—+— 4 —+
27 a6 B 0 12 4 fis

f(4,2) =
[0;1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,1,...] =

%[1;10,14,18,22,26,---] .

3e—8:
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2l 3. 4.5 §8.7.8 9,
\3 \4 \5 \6 \7 \8 \9 \10




f(3,4) =
[0;1,1,3,1,1,7,1,1,11,1,1,15,1,1,19,1,1,...] =

’ [1;816.24,32.40,..] =
9 _

4.9 .9.3.9. 7.9 14
|1 |1 |3 |5 7 |9 |11 13
1 3.5, 7 9, 19 13 15
|1 |3 |5 7 |9 |11 |13 15
f(5,4) =

[0;1,15,1,1,9,1,1,13,1,1,117,1,1,21,1,1,..] =

%[1;12,20,28,36,40,...] =

2-Je
Je-1

2 4.6 8 10 12 14 16/
|3 |5 7 |9 |11 |13 |15 17




f(n-1,2n) =
[0;1,1,n-1,1,1,3n-1,1,1,5n-1,1,1,7n-1,1,19n-1,1,1,...] =

%[1;2n,6n,10n,14”’18”’---] -

/e
Q/E+1




193.4.2
Head extension

1 2.3.4.9.6 7.8,

2 BB e 7 B
0:21,1,41,1,6,1,1811,10,1,1,12,1,1,..] =
2[0;5,10,14,18,22,26,30,...] =

2 \2 3 RB e T B
[0;2.21,1,4,1,1,61,181,1101,1,12,1,1,..] =

%[0;1, 5,10,14,18,22,26,30,..] =
e—2
_1

_\_\_\a\i\ﬂi\+9\+z\+

2 2 2 [3 4 6 |7
[0;2,2,2,1,14,1,16,1,1,8,1,1,10,1,1,12,1,1,...] =
2[0;4,1,5,10,14,18,22,26,30,...] =

e—-1

3e-4




2 |2 |2 |2 EMTR AT
0:22.2211411,61,1811,10,1,1,12,11,.] =

%[0;1,4,1,5,10,14,18,22,26,30,---] =

3e—-4
7e-9
4.9 4,4,9,23.4,5,9,7,
2 R R R R BB B

[0,2,2,2,2,2,1,1,4,1,16,1,1,8,1,1,10,1,1,12,1,1,...]
2[0;4,1,4,1,5,10,14,18,22,26,30,...] =

/e—9
17e—-22




2.3 4.5.6.7.8_ 9.
3 B e 7B P 0
0;1,1,4,116,11,811,10,11,12,11,.] =

%[0;10,14,18,22,26,30,---] =

3e—-8
3—e

Transcendent and natural numbers are near
neighbors via infinite continued fraction
mirroring:



2l 3 4.5 6 7 89
—F—F+—4+—+—+—+—+—+...=1
L2 3 4[5 [6 [7 8

21,2,3,.4,.5 .6 7 8.9
—+—+—+—+—+—F+—F+—+—+..=1
L2 R a7 [8

20,22 3 4.5, 6789
—+—+—+—+—+—+—"+—4+—+—+..=1
O O O A I O I A

3.4 .5.6,7.8_9
—+—+—+—+—+—+—+..=1

2 B4 pBfe 7P

ZA S O O S O -
—+—t+—4+—+—"F+—+—+—+..=1
L2 3B laple 7P

212,03 4.5 ¢ 7,89
—+—+—4+—+—"+—F+—+—+—+..=1
O A S C N N T

21,22, 3, 4,.5.6 789
—+—+—+—+—+—+—"+—+—+—+..=1
O O O A I O I A

3,4.9,8,7.8,9
—F+—t+—+—+—+—+—+..=1
2 B a6 |7 I8



193.4.3

Transcendent and natural numbers are
near neighbors via infinite continued
fraction mirroring

) 9,9.9,9,9.9,0.9,0.9,0.9,0,0.9,0.9,0.90,0,0,9,0.9,0.9,0.9.0,0.9,0.9,0.9,0,0,0,0,9,0 4
3-¢ |2| 3 4|5| 6|
e2|2|3|4|5|6|
=[0;2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
=2[0;5,10,14,18,22,...]
=43, 48,8, 7,

L2 B4k e
2-\e_2 4 6 § 10 12
-1 B B 7 0 [ 43
=[0;1,1,5,1,1,9,1,1,13,1,1,17,1,1,...]
=2[0;31,2,31,4,3,1,6,3,1,8,3,..]

3 5| 7| 9| 11| 13|
276 o0 2

), 9,9.9,0,9.9,0.9,0.90,0.0.9,0.9,0.9,0.0,9,0.9,0.9,0.9,0.90.9,0.9,0.90,0.0,0,0.9,0.9,0.0,

1=




3—e |2| 3| 4|5| 6|

e2|2|3|4|5|6|
=[0;2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
=2[0:5,10,14,18,22,...]

e-8_2 .3 4.9 6 7
— 4t
3e B W B 67 B

=[0;1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]

), 9,9.9,9.9,9,0.9,0.9,0.9,0.9,0.9,0.9,90.9,9,0.9,9.9,0.9,0.9,0.9,0,0,9,0.9,0.9,9.9,0.9,(



3-e_ |2| 3 4|5| 6|

e-2 |2 |3|4|5|E|7
-10;2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
—2[0:510,14,18,22,..]

e—2_ | 1 2| 3 4| 5 6]
+—=+...
e1|2|2|3|4|5|6|

=[0;2,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
= 1[O;l, 510,14,18,22,26,...]

2| 2.3,4,9,9 7
1= —=4+—"+—+— +—+—+—+.
LR R RRE

et 4 4 4.2 9 45,9,

4 2 2 2 B 4 5 67
=[0;2,2,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
=2[0;4,1,510,14,18,22,26,...]

2.2,2,3 4,.9,86 7
1= —+—+—+—+— +—+—+—+..
LR R R B



3e-4_ 1| | | 1] 2| 3 4 95 ¢
——————— +—=+—=+—=+..
7e—9 |2 |2 |2 |2 |3 4 5 |6 |7

1
[0:222.2114116118111011..] 2+

2

_ E[o;l, 4,1,510,14,18,22,26,...]

2| 2.2,2,3.4,.9,6,7
l=—4+—4+—+—+—+— +—+—+—+..
LR R R R RRE R

e N 4 1 4 4.2 3 4 5 6,
17e-22 2 2 2 2 2 |3 |4 |5 |6 |7
=[0;2,2,2,2,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,..]

—2[0;4,1,4,1,51014,18,22,26,...]
_4.2,2.2.2 3 4 9 6 7.

VR R R R RREE R
1,9,9.9,9.9,0.9,9,0.9,0.9,0.0.9,0.9,0.9,0.0,9,0.9,.0.9,0.9,9,0.9,0.0,0.9,0,0.9,0 4




1+—|+E|+i|+i|+EI ﬂ |+

2 BB
1+—|+—|+—|+—|+—| J+”:e

LRRRE

(1| 4.3,9,7, 9,14

T RTE e R TJ
(I L3098 7 9 1 1y j
SR

(ﬁ+i+ﬂ LA AL “}F

LR RRE R T
1, 9,9.9,9.9,0.9,9,0.9,0.9,0.0,9,0.9,0.9.0.9,9,0.9,0.9,0.9,0.0.9,0.9,0.9,9,0,0,0.9.¢



BB 7] |11+|_
=[0;3,1,1,7,1,1,11,1,1,151,1,19,1,1,231,1,...]
= 0.2831923416922804928668988734403613957 ..

3 5| 7| 9| 11| 13|

|1 |3 |5 |7 9 |11
=[12,1,311,7,1,1,11,1,1,151119,1,1,2311,..]
=1.3598019999554587255653699242066884238...

1| 3 5| 7| 9| 11|

WRE R M
=[0;1,1,31,1,7,1,1,11,1,1,151,1,19,1,1,231,1,...]
=0.5620167509589623573082821814934282813...

al 2c¥l
b}: 1¥c
XXXXXXXXXX XXX XXX XXXXXXXXXXXXXXXXXXXX




Lateral
Transcendent-natural-number neighborhood

2*2 ,4*4,6%6,8%8,10%10,12*12, «
1*3 3*5 5*7 7*9 9*11 11*13 2
3*3,5*5 7*7,9*9 11*11_ 13*13_ 1

1*5 3*7 5*9 7*11 9*13 11*15




:r

64.7

ontl 4 1\
(ﬂ): n—+1
2n+t 1

lim xz(n)=e¢
TL—F O

n—oo x(n+ 1) —z(n+ 2)

x(n)—zn+1)

lim

64.8

Input: z:=0; y:=1

i =0(1)n

3

=y —T

=

Output: y(n); d(n)

, 2
A ¥ = 2

lim d(n) =4

TE—F 0



193.4.4

Triple concerto 1

Infinite sum, continued fraction, and
determinant

- 1
S
2 ) _10,1,2,3.4,5,6,7,8,9,..]
i=om
=0.697774658. ..
0 1 1 1 1 1
omr 1121 2131 3141 4151
1 1 1 1 1
1111 2121 3131 4141
. o 1 L 1 1
—lim 111 2121 3131
dim—>ool O O 1 1 1
- 2121
1 0 0 0 1 i
1111
1 0 0 0 0 1




Lateral

[0;1,2,3,4,5,6,7,8.9,...]

= 2*[0;2,1,6,2,10,3,14,4,18,5,22,6,...]

=2*([0;1,2,3,4,5,6,7,8,9,...]entangled
[0;2,6,10,14,18,22.26,30,...])

e-1
[0;2,6,10,14,18,22,26,30,...] =——
e+1

Y 4,208 4,9,9,7,

+ + = +—+=
R R T

| 1| 4| 3| 4|+5|+6|+7|+...
BRI R
=0.462118715...

2*[0;2,1,6,1,10,1,14,1,18,1,22,1,...]
=[0;1,2,3,2,5,2,7,2,9,2,11,2,...]
= 0.695972387...

[0:1,1,3,1,5,1,7,1,9,1,11,1,...] = tan(1) — 1

e’ -1

[0;1,3,5,7,9,11,...] =tanh(1) =
e’ +1

2*[0;2,1,4,1,6,1,8,1,10,1,12,1,14,1,...]
=[0;1,2,2,2,3,2,4,2,5,2,6,2,7,2,...]



=0.706778468...

[0:1,1,2,1,3,1,4,1,5,1,6,1,7,1,...]
4.2,02,3,3,4,4,9 9 6 ¢,

L 2B R RE BB 6
1 1 1 2/ 2/ 3 3 4 4 5 5

IEIEIEIEIEIEIZIZI_+|3|€"'
=(0.575920323..

—|+E| E| ﬂ+i|+g| Z| ___:ﬁ

2 |3 |4 56 |7 |8 e—1

-10;2,1,1,4,1,1,6,1,1,8,1,1,10,1,1,...]
— 2*[0;5,10,14,18,22,26,30,..]

- 0.392211191...

4.2 3. 4.9 6,71 8,

BBl 7 B o
- [0:3.2,3,1,2,1,34,31,41,36,3161,..]

= 0.290616693...

193.4.5
Triple concerto 2



|
Zil(i+1)

i=0 *-

=[0,1,2,3,4,5,6,7,8,9,...]

NES
£ il
= 0.697774658...
i(—l)I
>
= 'Y _10:1,-2,3-4,5-6,7,-8,9,..]
Z(_)
il
—2.575920322. .
11 1 1 1
01 1121 2131 3141 415
i 11 1 1
U1 2121 3131 4141
e
i Ui 2120 3131
dim—)oo_l O O 1 1 1
i 2121
1

1 0 0 0 g ——
1111

-1 0 0 0 0 1




Lateral
[0;1,-2,3,-4,5,—-6,7,-8,9,...]

=[2;1,12,1,3,1,4,1,516,1,7,1,8,1,...]
| 2 2 3 3 4 4 5 5 6 ¢

=2+ -+ttt ottt

+—=+—=+—+

L2 2 334145156 6

1 1 1 2 2 3 3 4 4 5 5
+—+—=+—+

=2+ -+ttt —t+—+—+— t—+—+ -+

LRz R R4k

193.4.6
Double concerto 1



4.2,3,4.9 ¢ 7,

i 5[1;6,10,14,18, 22,26,30,...]

L =0.581976706...

-1
1| T R I T

————————— +—F—+—+..

UL 2 R RR R 4B B s
=[0;1,1,1,2,1,3,1,4,1,5,1,6,1,7,...]
=[0;-1,1,-2,3,—4,5,-6,7,...]

= 0.634549847...

4,23, 4,9,6,7.8,9

|2 |3 |4 |5 |6 |7 |8 9 |1o
=[0;2,1,1,4,1,1,6,1,1,8,1,1,10,1,1...]

= 2[0;5,10,14,18,22, 26,30,...]

_3-¢€
Te-2

=0.392211191...



1.4.24,2 3 3.4 4,9,9,6 6

————————— +—+—+=+...

P B R R B S BT

—0.41839748..
=7

LR R B R R R B B
=[0;,2,1,3,1,4,1,5,1,6,1,7,1,8,1,9,1,...]
=[-1-21-2,3,-4,5,-6,7,-8,9,...]

4,22, 3. 3 4.4, 9,5

—————— +—+—+— ..

|1|1|2|2|3|3| 45
=0.461487412... =

193.4.7
Double concerto 2

[0:1,2,3,4,5,6,7,8.9,...]
= 2*[0:2,1,6,2,10,3,14,4,18,5,22,6,...]

2*10;2,1,6,1,10,1,14,1,18,1,22,1,...]
=10;1,2,3,2,5,2,7,2,9,2,11,2,...]
= 0.695972387...

[0:1,1,3,1,5,1,7,1,9,1,11,1,...] = tan(1) — 1



2*[0:2,1,4,1,6,1,8,1,10,1,12,1,14,1,...]
=[0:1,2,2,2,3,2,4,2,5,2,6,2,7,2,...]
=0.706778468. ..

4.2.3.4.59.¢6. 7 8
|3 |4 |5 |6 |7 |8 9 [10
-0:3,2,3,1,2,1,34,31,41,36,3161,..]
= 0.200616693...

+ ...

[0:1,1,2,1,3,1,4,1,5,1,6,1,7,1,...]
= 0.575920323...

),0,90.9.0.0.90.9.9.9.90.0.90.9.9.9.0.90.0.0.0.0.0.0.0.9.90.0.0.90.9.90.9.0.0.90.0.0.0.0.0.
How about that?
0:2,1,6,2%,10,3%,14,4° 18,5 22,6°,26,7°,.. ]
0:2,1,6,3,10,5,14,7,18,9,22.11,26,13,...]
0:2,2,6,6,10,10,14,14,18,18,22,22.26,26,.. ]
0:1,1,3,3,5,5,7,7,9,9,11,11,13,13,...]
0;1,1,2,2,3,3,4,4,5,5,6,6,7,7,8,8,9,9,10,10,...]

193.4.8
Find infinite branched nested expressions

for



2, 1, 5 .29 169
V2 =1+ 20 = (L (L = (L (L4
5" 20" 160" 085 5741

2 1 3 11 41
3=1+-(1+—(Q+—Q+—=0Q+—=1+...
V3 3 ( 11( 41( 153( 571(

(D=%(\/§+1):

14— 20) g T2 ) TOE) (), T
fib(2) = fib(4) "~ fib(6) = fib(8) = fib(10)

(1+...
14 S (14 2 (L (L2 (L4
2° 57 137 34" 89

CD‘1=%(\/§—1)=

| 1 (3+ fib(O) (3+ 1fib(4) (3+ 1_Eib(8) (3+ f_ib(12)
fib(4) fib(8) fib(12) fib(16) fib(20)
1(3+i(3+i(3+3—4(3+£(3+

5 34 233" 1597 10946

(3+...

fib(n+2)e — 2fib(n+1)
fib(n+1)e — 2fib(n)

1.1 1.4 1.7 1,10 1,13
3/521+—*— 1 +—*-1+-—"*"-A+-—"—0A+-—"—(1+...
§) 1( 6 2( ) 3( 6 4( 6 5(



V2

y 70, 7T

2. e", T(n), T(7°), ...

193.4.9
Appendix 1
Doublings
[ (n+2)e—2(n+1) ) _
(n+l)e-2n
( )
scf| 1+ =[1; n+3,
n+3+ e—2
\ 6-2¢e )
1,3,1,1,1, 3,
3,3,1,3,1,3,
5 3,1,5,1, 3,
71 31 11 71 11 31
931,913,
1,3,1,11,1, 3,
3,3,1,13,1, 3,
53,1,15,1, 3



17,3,1,17,1, 3,
19, 3,1, 19,1, 3,
21,3,1,21,1, 3,
23,3,1,23,1, 3,
25, 3,1, 25,1, 3,
27,3,1,27,1,3,...]
n=0,1,2,3.4,...
Appendix 2
Lateral
Doublings

ot [fib_(n+2)e — 2fib_(n+1)j 1197
fib(n+1)e — 2fib(n)
fib(0)=fib(1)=1; fib(n+2)=fib(n+1)+fib(n)
n=0,1,2,3,4,...

n=2

Cf( _fib(4)e—2_fib(3) J:SCf(Se—6):
fib(3)e — 2fib(red2) -4

[1; 1, 4,

1,3,1,1,1,3
3,3,1,3,1,3
5,3,1,51,3,
7,3,1,7,1,3



j:

21e — 26
13e-16

N S
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Find a proof.



Appendix 3
Transformation of the infinite scf

[ao;a11a21a31a49"']
into an infinite nested expression:

[a,;8,,8,,85,8,,...] =

a0+i(a2+d—°(a4+d—2(a6+d—4(a8+d—6(a10+...

d2 d4 d6 8 10

d, =1, d, d, dq d,,

\ " " "
a, 1 0 0 0 O 0
1 a 1 0 0 O 0
0 -1 a, 1 0 O 0
i 0 0 -1 4a 1 O 0
1o 0 0 -1 a 1 0
0 0 0 0 -1 a 0
L .
0o 0 0 0 0 0 -1 a,




Difference quotient

lim a2n * d2(”-2)

= a‘2(n-1) d2n

) 9,9,9,9,0.9,0.9,9,0.9,0,0.9,0.9,0.9,9,0.9,0.9,90,0.9,0.9,9,0.9,0.9,0,0

193.5

193.5.1

Discuss applications of Unit 193 in sc&eng.

193.5.2

Discuss internal aspects of Unit 193

** Aesthetic aspect (collection of “beautiful
formulas™),

** Taxonomic aspect,

** Heuristic aspect.

193.5.3

Discuss the difference between

** a collection of “beautiful formulas” and

** a collection of art objects.

XXXXXHXKXXXXXXKHHXKXXXX XXX XXXXXXXXXXX

generalized

continued
imple

1) In this unit we use for the infinite{

(gch)
(scf)

fraction { the notations



by b1| b2| b3| bil

ao + =agt+—+—+—+-=ayg+—
° a. + b, ° la;  laz  lag |a; =1
1 by
a, + g+
...... (1)
1
ap + 1 = [ag; a1, az,a3, ... ] = [ap; ai]iz1
a; + 1
a, + a T
...... (2)
b:||° 1100
il is the mirror image of ail :
laili=y Ibili—q
...... (3)

) 9,9.9,9,0.9,9.9,9,0.9,0.9,0,0.9,0.9,0.0.90,0.9,0.9,90,0.9,0.9,0,0.9,0.9,0,4
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matik: Kettenbriche

[2] Weisstein, Eric W. "e Continued Fraction." From
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