
 

 

 

 

Unit 161, part A  revised 
Thirty-six Views of Mount Phi, part A 
161.A.1 
Φ = 1

2
�1 + √5� 

    = 1 + 1
1+ 1

1+ 1
1+ 1

1+⋯

 = [1;1,1,1,1,…]        (1.1,2) 

161.A.2 
Φ = limi→∞

fib(i+1)
fib(i)

 
        fib(i+2) = fib(i+1) + fib(i) ; i=0,1,2,3,… 
        fib(0) = fib(1) = 1                                 (2) 
 
161.A.3 
x2 − x − 1 = 0  →  x1 = Φ, x2 = − 1

Φ
     (3)    

                                                                
161.A.4 

Φ = �1 + �1 + �1 + �1 + √1 + ⋯         (4) 



 
161.A.5  The Great Seven Wave off Phi 
3 − Φ = 1

2
�5 − √5� =                                     

1 + 1
3

⎝

⎜
⎛

1 + 1
s1
�1 + 1

s2
�1 + 1

s3
 �1 + 1

s4
�1 + 1

s5
(1 + ⋯ )����

⎠

⎟
⎞

 

s1=8 , s2=7 
s3 = 7 − 1

8
= 55

8
 ,  s4 = 7 − 1

7
= 48

7
  

s5 = 7 − 1
7−18

= 377
55

  , s6 = 7 − 1
7−17

 = 329
48

  

s7 = 7 − 1
7− 1

7−18

= 2584
377

 , s8 = 7 − 1
7− 1

7−17

= 2255
329

  

s9 = 7 − 1
7− 1

7− 1
7−18

=  17711
2584

 , s10 = 7 − 1
7− 1

7− 1
7−17

= 15456
2255

 

………                                                                    (5.1) 
s2k+1 = 7 − 1

s2k−1
 , k=1,2,3,4,… 

               s1 = 8                                                 (5.2) 
 
s2k+1 = f(4k+5)

f(4k+1)
 , k=0,1,2,3,…                        (5.3) 

  
limk→∞ s2k+1 = 2 + 3Φ                                       
(5.4) 
 



limk→∞
s2k+1−s2k+3
s2k+3−s2k+5

= (2 + 3Φ)2                   
(5.5) 
s2k = 7 − 1

s2k−2
 , k=1,2,3,4,… 

           s2 = 7                                                     (5.6) 
 
limk→∞ s2k = 2 + 3Φ                                          
(5.7) 
 
limk→∞

s2k−s2k+2
s2k+2−s2k+4

= (2 + 3Φ)2                   
(5.8) 
 
 
What about 
#  

1 −
1
3

⎝

⎜⎜
⎛

1 −
1
s1
⎝

⎜
⎛

1 −
1
s2
�1 −

1
s3

 �1 −
1
s4
�1 −

1
s5

(1 + ⋯ )���

⎠

⎟
⎞

⎠

⎟⎟
⎞

 

 = 0.70313656561262637374265697237376791… 
## 

1 +
1
3

⎝

⎜⎜
⎛

1 −
1
s1
⎝

⎜
⎛

1 +
1
s2
�1 −

1
s3

 �1 +
1
s4
�1 −

1
s5

(1 + ⋯ )���

⎠

⎟
⎞

⎠

⎟⎟
⎞ 

= 1.286685681407788924214890654500681557241… 



### 

1 +
1
3

⎝

⎜⎜
⎛

1 +
1
s1
⎝

⎜
⎛

1 +
1
s3
�1 +

1
s5

 �1 +
1
s7
�1 +

1
s9

(1 + ⋯ )���

⎠

⎟
⎞

⎠

⎟⎟
⎞

 

= 1.38209581398037672061294635955422897274… 
#### 

1 +
1
3

⎝

⎜⎜
⎛

1 +
1
s2
⎝

⎜
⎛

1 +
1
s4
�1 +

1
s6

 �1 +
1
s8
�1 +

1
s10

(1 + ⋯ )���

⎠

⎟
⎞

⎠

⎟⎟
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 = 1.3890830668951228231910138179889120881…                                                          
                                                    (6.1,2,3,4) 
 
161.A.6  2-5-7 
Φ = 1

2
�1 + √5� = 

1 +
1
𝜎𝜎0
⎝

⎜
⎛

1 +
1
𝜏𝜏0
�1 +

1
𝜎𝜎1
�1 +

1
𝜏𝜏1
�1 +

1
𝜎𝜎2
�1 +

1
𝜏𝜏2

(1 + ⋯ )����

⎠

⎟
⎞

 

𝜎𝜎0 = 2 , τ0 = 5 
𝜎𝜎1 =  7 − 1

2
= 13

2
 ,  𝜏𝜏1  =  7 − 1

5
= 34

5
  

𝜎𝜎2 =  7 − 1
7−12

= 89
13

 ,  𝜏𝜏2  =  7 − 1
7−15

= 233
34

  

𝜎𝜎3 =  7 − 1
7− 1

7−12

= 610
89

 ,  𝜏𝜏3  =  7 − 1
7− 1

7−15

 = 1597
233

  



𝜎𝜎4 =  7 − 1
7− 1

7− 1
7−12

= 4181
610

,  𝜏𝜏4  =  7 − 1
7− 1

7− 1
7−15

= 10946
1597

  

……..                                                                      (7.1) 
 
 
𝜎𝜎k+1 = 7 − 1

𝜎𝜎k
 , k=0,1,2,3,…                

            𝜎𝜎0 = 2                                                         (7.2) 
𝜎𝜎k = fib(4k+2)

fib(4k−2)
 , k=1,2,3,4,…                                  (7.3) 

limk→∞ 𝜎𝜎k = 2 + 3Φ                                                   
(7.4) 
 
𝜏𝜏k+1 = 7 − 1

𝜏𝜏k
 , k=0,1,2,3,…                

            𝜏𝜏0 = 5                                                         (7.5) 
𝜏𝜏k = fib(4k+4)

fib(4k)
 , k=1,2,3,4,…                                   (7.6) 

limk→∞ 𝜏𝜏k = 2 + 3Φ  
 
 
161.A.7 ln(Φ) meets π 
�5
2
 * ln(Φ) = 0.760862702 …  //  𝜋𝜋

2
= 1.570796327                                             

= 1 ∓ 1
3
�1 ∓ 2

5
�1 ∓ 3

7
�1 ∓ 4

9
�1 ∓ 5

11
�1 ∓ 6

13
(1 ∓⋯ )����� 



= 1 ∓ 1
c0

⎝

⎜
⎛

1 ∓ 1
c1
�1 ∓ 1

c2
�1 ∓ 1

c3
 �1 ∓ 1

c4
�1 ∓ 1

c5
(1 + ⋯ )����

⎠

⎟
⎞

 

c0 = 3 ,  c1 = 3 − 1
2
 , c2 = 3 − 1

2−12
 , c3 = 3 − 1

2− 1

2−12

 , 

c4 = 3 − 1
2− 1

2− 1
2−12

 , c5 = 3 − 1
2− 1

2− 1
2− 1

2−12

 , … 

                                                                     (8) 
 
161.A.8 (ln(Φ))2 meets π2 

(ln (Φ2))2 = 0.926259282 …   //   �𝜋𝜋
3
�
2

= 1.096622711…                                                                         

= 1 ∓ 1
3
 * 1

4
∗ �1 ∓ 2

5
∗ 2
6
∗ �1 ∓ 3

7
∗ 3
8
∗ �1 ∓ 4

9
∗ 4
10
�1 ∓ 5

11
∗ 5
12
∗ �1 ∓ 6

13
∗ 6
14
∗ (1 ∓⋯ )�����    

 

= 1 ∓ 1
c0

 * 1
d0
∗ �1 ∓ 1

c1
 ∗  1

d1
∗ �1 ∓ 1

c2
 ∗  1

d2
∗ �1 ∓ 1

c3
  1
d3

(1 ∓⋯ )��� 

 

c0 = 3 ,  c1 = 3 − 1
2
 , c2 = 3 − 1

2−12
 , c3𝑐𝑐 = 3 − 1

2− 1

2−12

 , 

c4 = 3 − 1
2− 1

2− 1
2−12

 , c5 = 3 − 1
2− 1

2− 1
2− 1

2−12

 , … 

 
 

d0 = 4 ,  d1 = 3 = c0  , d2 = 3 − 1
3
 , d3 = 3 − 1

2
 = c1 , 



d4 = 3 − 1
2−13

 , d5 = 3 − 1
2−12

 = c2 , d6 = 3 − 1
2− 1

2−13

 , 

d7 = 3 − 1
2− 1

2−12

 = c3 , d8 = 3 − 1
2− 1

2− 1
2−13

 ,  

d9 = 3 − 1
2− 1

2− 1
2−12

 = c4 , … 

                                                                     (9) 
161.A.9 
fib(n+2) = fib(n+1) + fib(n) ; n=0,1,2,3,… 
fib(0) = fib(1) = 1                                  
Φ = limn→∞

fib(n+1)
fib(n)

 

scf(Φ5) = [11;11per] 
FibonacciBomb(m,n) = scf ��fib(n+1)

fib(n)
�
m
� ; m,n∈ ℕ 



FibonacciBomb(5,50) =
[11, 11, 11, 11, 11, 11, 11, 11, 11, 13, , 
1, 5, 1, 10, 11, 11, 11, 11, 11, 11, 11, 11, 4, 1, 10, 11, 11, 11, 11, 
11, 11, 11, 11, ...]
Fibona

4

c

37845991669

ciBomb(5,55

11033

) =

804

[11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 12, 1, 
, 6, 1, 10, 11, 11, 11, 11, 11, 11, 11, 

11, 11, 4, 1, 10, 11, 11, 11, 11, 11, 11, 11, 11, 11, ...]
FibonacciBomb(5

5385

,99)

1497016468562

 =
[11, 11, 11

15201

, 11
132467738706170972563516284311410413

, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 
11, 11, 8, , 1, 
1, 5, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 
11, 11, 11, 1, 

79815

11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 
11, 11, 11, 11, 11, 11, ...]

 

                                                                    (10) 
See also Unit 30.1 
 
161.A.10 
+ Pascal’s triangle, see Units 30, 42, 72, [3,4] 
 



1 1

3 1

1 6 1

5 10 1

1 15 15 1

7 35 21 1

1 28 70

1 3

4 4

1 10 5

6 20 6

1 21 35 7

8 56 56 828 1

9 841 36 126 126 84

1

1 1

2

36 9 1

 

⋮                                                                                                                       ⋱   

                                                                 (11.1)

 
Red part kxk determinant 

d

1 1

3 1

1 6 1

5 10

0 0 0 0 0

0 0 0 0 0

0 0 0 0

( 7) 0 0 0 0

0 0

1

1 15 15 1

7 35 21

0

0 0 0 0

0 1 2 7 20 0 8 0 8

kr = =                                                        

                                                                                                          (11.2) 
 



** The quotient of two immediately consecutive full 

      
row
⋮

column
  sums of dr(k) converges to 

Φ + 1
⋮
2

 for k to 

∞. 
**    k      1  2    3      4        5          6            7                8 
     dr(k)  1  5  17  155  2073  38227  929569  28820619 
             Genocci numbers [5] 
** limk→∞(2k + 4)(2k+3) dr(k)

dr(k+1)
= 𝜋𝜋2 

                                                           (11.3,4,5) 
 

And the blue part determinant, how about that? 
 

1 3

4 4

1 10 5

b 6 2

0 0 0 0 0

0 0 0 0 0

0 0 0 0

d (k =7)= 0 0 0 0

0 0

0 6

1 21 35 7

8 56

0

0 0 0

0 0 0

56 8

1 36 126 84

           (12.1) 

 
** The quotient of two immediately consecutive full 

      
row
⋮

column
sums of db(k) converges to 

Φ + 1
⋮
2

 for k to ∞. 

                                                                            (12.2)    
** lim

k→∞
(2k + 6)(2k + 5)(2k + 4) db(k)

db(k+1)
= 8𝜋𝜋2 



                                                                (12.3) 
** The factorization structures of dr(k) and db(k) are 
     significantly different, f.e. 
     dr(44)=

      10727715287566958551214038600946703877155 
     52459410849551811936537936175943921814277 
     3868765158395= 
     32*5*73*151*331*587*631*23311*18837001* 
     1758317910439*22847011395279057181580775    
     4364820900071198161742204795399, 
     db(44)=  
     2169645193342054344666010266722899331483 
     8387915077313702922342485590403411354271 
     6417644677279431176422816383049400320000 
     0000000= 
     241*320*511*76*113*134*172*19*232*29*#37* 41* 
     43* 
     587*1758317910439*22847011395279057181580 
     7754364820900071198161742204795399, 
     db(60)= 
     320203879587530537257338060379565151072136 
     02946152122728146466985954979829659028650 
     522990903121288836227307868559194291313463 
     173297239782168348267877312681256421468191 
     023741639065600000000000000=  
     256*328*514*79*115*134*173*193*232*292*312*37* 
     412*43*47*53*59*612* 
     1545314586433142560447*526537874022904967 
     154842565343405479455117412302583734 73403    
     4000740260791807211005893, 



     db(91)= 
     162267461275214601514092836036407463437867   
     463298963556130715978375296498229216242948    
     124700229837197563811955761386205507706119 
     850383791267442349241719935420849335004400 
     716740204119658595937370688684705839173067    
     798247518540652039482102497078426475786949   
     508284107878471351858712399957819731050601 
     9306515076504092672000000000000000000000 =  
     287*344*521*715*118*138*175*194*234*293*312*372*   
     412*432*47*53*59*612*67*71*73*79*83*89*   
     73107144475261423311089 841618 633327*36270   
     27615648746666477*212217411422741964809346   
     1601*2685020923681065292189452858170579189   
     763117914679054162910210951484067382075759   
     46053456408281673680 375113,  
     db(100)= 
     … 296*348*523*716*118*137*175*195*234*293* 
     313*372*41*432*472*53*59*61*672*71*73*79* 
     83*89*97*… .                                                                         
                                                  (14.1,2,3,4,5) 
     The factorization of db(k) brings to light  
     the complete (rarer complete – 1, #) sequence of   
     primes from 2 to about k,  the power of the prime   
     factor 2 is about k , of 3 about int(k/2), of 5 about  
     int(k/4) and so on to 1 („small noise”) 
     and  
     a small number of increasingly large primes (“factor    
     bombs”), comparable with “monster waves” in  
     Fibonacci simple continued fractions (see Unit 30). 



Problems 
** For discussion! 
     Primes and nonprimes 
     db(7)=43751232=26*33*7*3617 
     db(11)=…29*34*53*11*… 
     db(13)=…210*35*52*73*11*13*… 
     db(17)=…215*37*52*7*11*#17*…  
     db(19)=…217* 38*53*73*#13*17*19*… 
     db(43)=…240*320*59*76*115*133*173*192*#29*31*   
                      37* 41*43*… 
     db(47)=…245*321*59*77*114*132*17*192*232*29*    
                      31*37*41*43*47*…   
     For comparison 
     db(43)=…240*320*59*76*115*133*173*192*#29*31*    
                      37* 41*43*…         
     db(44)=…241*320*511*76*113*134*172*19*232*   
                      29*#37*41*43*… 
     db(45)=…241*321*59*76*114*133*172*192*233*29* 
                      312*37*41*43*…  
     db(47)=…245*321*59*77*114*132*17*192*232*29* 
                      31*37*41*43*47*… 
     db(48)=…246*323*512*710*115*133*172*192*232* 
                      29*31*37*41*43*47*…  
** Sacra conversazione in db(k): Pascal’s triangle, Φ,  
     π2, prime sequence. „But where is e?“ [6] 
** Discuss #. 
** Find similar determinant structures. 
** Pascal’s triangle and Riemann zeta function [7,8]? 
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161.A.11 
Aus der „TUD Schülerinformatik“ vor 34 Jahren 
Diskussion aus heutiger Sicht 
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Probleme 
** Generieren Sie die Fibonacci-Kode Darstellungen mathematischer  
     Konstanten [4,5], insbesondere e und π. 
** Untersuchen Sie, ob sich aus deren 2D/Zeichenketten- und 3D- 
     Darstellungen [6] analog zu [6] Informationen über ihre innere 
     Struktur gewinnen lassen. 
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Unit 161, Part B 
Nachtrag zu Unit 161.A.10 
Durch gezieltes Einfügen von „Fremdzahlen“ 
** in das statische Pascalsche Dreieck  
** während des rekursiven (dynamischen) Aufbaus 
     des Pascalschen Dreiecks 
** Ideeneinzugsgebiete [1,2,3,4,5] 
kann die Länge der von der zugehörigen Determinante  
db(k) erzeugten Primzahlsequenz signifikant vergrößert 
werden.  
Beispiel 1 
Originales Pascalsches Dreieck 

1 1

3 1

1 6 1

5 10 1

1 15 15 1

7 35 21 1

1 28 70

1 3

4 4

1 10 5

6 20 6

1 21 35 7

8 56 56 828 1

9 841 36 126 126 84

1

1 1

2

36 9 1
 



                                                                 (1.1)                                                                                                                                                                                                                                                          

Zugehörige Determinante db(k) 
1 3

4 4

1 10 5

b 6 2

0 0 0 0 0

0 0 0 0 0

0 0 0 0

d (k =7)= 0 0 0 0

0 0

0 6

1 21 35 7

8 56

0

0 0 0

0 0 0

56 8

1 36 126 84

         (1.2) 

** The quotient of two immediately consecutive full 

      
row
⋮

column
sums of db(k) converges to 

Φ + 1
⋮
2

 for k to ∞. 

                                                                             (1.3)    
** lim

k→∞
(2k + 6)(2k + 5)(2k + 4) db(k)

db(k+1)
= 8𝜋𝜋2 

                                                                (1.4) 
** Factorization of db(k) 
     db(16)=96269372301568677170319360000= 
     215* 37* 54*73*11*13*172*151628697551 
     db(17)=61714359945187404279241981132800= 
     215*37*52*7*11#*17*26315271553053477373 
                                                                             (1.5) 
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 
 



1 2

4 2

1 9 2

6 16 2

1 20 25 2

8 50 36 2

1 35 105 49 2

10 112 196 64

1

1 2

3

      

1 5

5 7

1 14 9

7 30 11

1 27 55 13

9 7

            Modified P

7 91 15

1 44

ascal's 

182 14

tria

20 17

ngle

 

 

                                                                              (2.1) 
Zugehörige Determinante db(k) 

1 5

5 7

1 14 9

b 7 30 11

1 27 5

0 0

5 1

0 0 0

0 0 0 0 0

0 0 0 0

d (k =7)= 0 0 0 0

0 0 0

0 0 0

0 0

3

9 77 91 15

1 44 180 2 140

         (2.2) 

 
** The quotient of two immediately consecutive full 



      
row
⋮

column
sums of db(k) converges to 

Φ + 1
⋮
2

 for k to ∞. 

                                                                             (2.3)                                              
** lim

k→∞
(2k + 5)(2k + 4)(2k + 3) db(k)

db(k+1)
= 4𝜋𝜋2 

                                                                             (2.4) 
 
** Factorization of db(k) 
db(16)=190442238700388913304502070009375 = 
38*55*73*112*13*172*19*23*29*31* 151628697551 
db(17)=224892934078608574190609564618645625= 
38*54*72*112*#17*23*29*31*26315271553053477373 
                                                                (2.5) 
## Loten Sie das „Doping/dotieren/rändern/lokal  
     verfälschen…“ des pascalschen Dreiecks  
     experimentell umfassend aus und finden Sie dazu ein   
     zugehöriges systematisches (zahlentheoretisch   
     begründetes) Modellkonzept. 
## Diskutieren Sie Anwendungen. 
## Lateral 1 
     Systematische „Einfach/mehrfach/fehler“–Suche und  
      –Korrektur im Pascalschen Dreieck mittels lokaler  
      Operatoren mit geringsten Aufwand. 
## Lateral 2 
     PDKrypt ? 
## Lateral 3 
     Compare and merge 
     xx  Pascal’s triangle, 
     xx  Langton’s ant [6] 



     xx  Conway's game of life [7] 

## Lateral 4 
     A recursively generated 2D “crystal structure”  
     (esp. Pascal’s triangle) 
     doped with “foreign atoms”  
     (⇨ foreign numbers) 
     generates a prime sequence. 
     (⇨ via factorization of the determinant db(k)). 
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