
 

 

Unit 135               
With all-wheel drive to π2 
Part 1 
Character string representation 
135.1.1 

2
2

i=1

16
i

π
∞

=∑                                                 (1.1) 
i 1

2
2

i=1

( 1)12
i

π
−∞ −
=∑                                        (1.2)                      

8∑ 1
(2i−1)2

∞
i=1 = 𝜋𝜋2                                   (1.3) 

Lateral 
∑ (−1)i−1

(2i−1)2
∞
i=1 = 0.91596559417… = ?       (1.4)                                     

∑ (−1)i−1

i
∞
i=1 =  ln2                                    (1.5)                                  

4∑ (−1)i−1

2i−1
∞
i=1 =  π                                    (1.6) 

135.1.2 

8∏ (
1− 1

(2i+1)2

1− 1
(2i)2

)∞
i=1  = 8∏ (1 + (4i+1)

(2i−1)(2i+1)3
∞
i=1 ) = 𝜋𝜋2 

                                                                        (2.1) 
Lateral  



∏ 1
1+1

i2
= 𝜋𝜋

sinh (π)
∞
i=2                                    (2.2) 

∏ 1
1−1

i2
= 2∞

i=2                                             (2.3) 

∏ 1
1+ 1

(2i−1)2
= 0.7970737303109834 … = ?∞

i=2    (2.4)                             

∏ 1
1− 1

(2i−1)2
=  4

𝜋𝜋
∞
i=2                                     (2.5) 

 

2

i=1
2
i

115  =  11
p

π
∞

+
∏                                                                                          (2.6)                

2

i=1
2
i

16  =  11
p

π
∞

−
∏                                       (2.7) 

1 2 3p 2,  p 3,  p 5,  ... prime sequence= = =                 (2.8) 

Lateral                                             

∑
1− 1

pi+1
2

1− 1
pi
2

∞
i=1 = 4

3
                                          (2.9) 

135.1.3
4 4 4 4 4 4

2
1 1 2 3 4 5 6

12 ...
1 3 5 7 9 11 13

π
 

+ + + + + + + = 
 
 

                                                                   (3.1) 



4 4 4 4 4 4
2

1 1 2 3 4 5 6
?? ... ??

1 3 5 7 9 11 13
π

 
+ − + − + − ± = 

 
 

                                                                                                                                                                 (3.2) 
 

Lateral                                                         
4�┌

1
1
┘ + ┌

12

3
┘ + ┌

22

5
┘ + ┌

32

7
┘ + ┌

42

9
┘ + ⋯� = π       

                                                                   (3.3) 
�┌ 1

1
┘ + ┌ 12

3
┘ − ┌ 22

5
┘ + ┌ 32

7
┘ − ┌ 42

9
┘ + ⋯� =        

0.70531065193612638100… = ?              (3.4)                                
          
 �┌ 1

1
┘ − ┌ 1

3
┘ + ┌ 1

5
┘ − ┌ 1

7
┘ + ┌ 1

9
┘ −⋯� =       

 1.453352963421746556… = ?                (3.5) 
 
Part 2 
Determinant quotient representations 
135.2.1 
Determinants of reciprocal factorials 
135.2.1.1 



f(n(⇒ 5)) = 4

�

�

2. 0. 0 0 0 ⋯
4. 2. 0. 0 0
6.
8.
10.
⋮

4.
6.
8.

2.
4.
6.

0.
2.
4.

0
0.
2.

⋱

�

�

�

�

2. 0.
4. 2.

0 0
0. 0

0 0 ⋯
0 0

6. 4.
8. 6.

2. 0.
4. 2.

0 0
0. 0

10. 8.
12. 10.
⋮

6. 4.
8. 6.

2. 0.
4. 2.

⋱

�

�

 ; i.= 1
i!
 

                                                                   (4.1) 
df(n) = f(n+1)−f(n)

f(n+2)−f(n+1)
                                 (4.2) 

 
lim
n→∞

f(n) = 𝜋𝜋2 ; lim
n→∞

df(n) = df = 9        
                                                                   (4.3) 
 
Acceleration 
Acc1 
f1(n) = df

df−1
f(n + 1) − 1

df−1
f(n) = 

             
�f(n) f(n+1)
df 1

�

� 1 1
df 1�

  ⇒ 9
8

f(n + 1) − 1
8

f(n) 

                                                                   (4.4) 
Acc2, triple accelerator 



 f1t(n) =
� f(n) f(n+1)
f(n+1)−f(n) f(n+2)−f(n+1)�

� 1 1
f(n+1)−f(n) f(n+2)−f(n+1)�

 

             =
�
f(n) f(n+1)

f(n+1) f(n+2)�

f(n)−2f(n+1)+f(n+2)
                           (4.5) 

More you can find in appendix 1. 

f(n) – f1(n) – f1t(n) calculation record 
 
f(n); n = 1,2,3,4,… 
9.60000000000000000000000000000, 
9.83606557377049180327868852459, 9.86570397111913357400722021661, 
9.86916331822410482769541378833, 9.86955506675571128085497629280, 
9.86959890611693970346183238334, 9.86960378999365549478142566999, 
9.86960433316793884462137964118, 9.86960439354165480178770937011, 
9.86960440025068961300049387597, 9.86960440099617176231646187365, 
9.86960440107900446717826165738, 9.86960440108820815527922694766, 
9.86960440108923078946015489538, 9.86960440108934441556705890105, 
9.86960440108935704069352052674, 9.86960440108935844348548849316, 
9.86960440108935859935126826763, 9.86960440108935861666968846481, 
9.86960440108935861859395738450, 9.86960440108935861880776504260, 
9.86960440108935861883152144907, 9.86960440108935861883416104979, 
9.86960440108935861883445433876, 9.86960440108935861883448692642, 
9.86960440108935861883449054727, 9.86960440108935861883449094959, 
9.86960440108935861883449099429, 9.86960440108935861883449099926, 
9.86960440108935861883449099981, 9.86960440108935861883449099987, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 30 valid digits at n=33 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988 
 
Acc1: f1(n); n = 1,2,3,4,… 
9.86557377049180327868852459016, 
9.86940877078771379534828667811, 9.86959573661222623440643798479, 
9.86960403532216208749992160586, 9.86960438603709325628768939466, 
9.86960440047824496869637483082, 9.86960440106472426335137388757, 
9.86960440108836929643350058622, 9.86960440108931896440209193920, 
9.86960440108935703098095787336, 9.86960440108935855528598663035, 
9.86960440108935861629184760894, 9.86960440108935861873277088884, 
9.86960440108935861883042190176, 9.86960440108935861883432822995, 
9.86960440108935861883448448896, 9.86960440108935861883449073944, 
9.86960440108935861883449098946, 9.86960440108935861883449099946,   
9.86960440108935861883449099986, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988,                   n=22 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988 
 
Acc2: f1t(n) ; n = 1,2,3,4,… 
9.86995939238983305760264701459, 
9.86962044261484036842136328148, 9.86960509511122960957587897904, 
9.86960443023000297178494875103, 9.86960440228874239877130583411, 
9.86960440113811341534504570767, 9.86960440109132608357815418002, 



9.86960440108943768970380471260, 9.86960440108936178954630288975, 
9.86960440108935874582762161261, 9.86960440108935862391763077812, 
9.86960440108935861903788702711, 9.86960440108935861884262828887, 
9.86960440108935861883481652113, 9.86960440108935861883450402133, 
9.86960440108935861883449152075, 9.86960440108935861883449102071, 
9.86960440108935861883449100071, 9.86960440108935861883449099991, 
9.86960440108935861883449099988, 9.86960440108935861883449099988,                   n=21 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988, 
9.86960440108935861883449099988, 9.86960440108935861883449099988 

 
135.2.1.2 

f(n(⇒ 5)) =

�

�

2. 1. 0 0 0 ⋯
4. 3. 1. 0 0
6.
8.
10.
⋮

5.
7.
9.

3.
5.
7.

1.
3.
5.

0
1.
3.

⋱

�

�

�

�

2. 1.
4. 3.

0 0
1. 0

0 0 ⋯
0 0

6. 5.
8. 7.

3. 1.
5. 3.

0 0
0. 0

10. 9.
12. 11.
⋮

7. 5.
9. 7.

3. 1.
5. 3.

⋱

�

�

 ; i.= 1
i!
 

                                                                   (5.1) 
df(n) = f(n+1)−f(n)

f(n+2)−f(n+1)
                                (5.2) 

 
lim
n→∞

f(n) = 𝜋𝜋2 ; lim
n→∞

df(n) = df = 9        
                                                                   (5.3) 
 
135.2.1.3 



f(n(⇒ 5)) = 4

�

�

1. 0. 0 0 0 ⋯
3. 2. 0. 0 0
5.
7.
9.
⋮

4.
6.
8.

2.
4.
6.

0.
2.
4.

0
0.
2.

⋱

�

�

�

�

1. 0.
3. 2.

0 0
0. 0

0 0 ⋯
0 0

5. 4.
7. 6.

2. 0.
4. 2.

0 0
0. 0

9. 8.
11. 10.
⋮

6. 4.
8. 6.

2. 0.
4. 2.

⋱

�

�

 ; i.= 1
i!
 

                                                                   (6.1) 
df(n) = f(n+1)−f(n)

f(n+2)−f(n+1)
                                (6.2) 

 
lim
n→∞

f(n) = 𝜋𝜋2 ; lim
n→∞

df(n) = df = 9        
                                                                   (6.3) 
 
 
135.2.1.4 



f(n(⇒ 5)) =

�

�

3. 1. 0 0 0 ⋯
5. 3. 1. 0 0
7.
9.
11.
⋮

5.
7.
9.

3.
5.
7.

1.
3.
5.

0
1.
3.

⋱

�

�

�

�

3. 1.
5. 3.

0 0
1. 0

0 0 ⋯
0 0

7. 5.
9. 7.

3. 1.
5. 3.

0 0
0. 0

11. 9.
13. 11.
⋮

7. 5.
9. 7.

3. 1.
5. 3.

⋱

�

�

 ; i.= 1
i!
 

                                                                   (7.1) 
df(n) = f(n+1)−f(n)

f(n+2)−f(n+1)
                                (7.2) 

 
lim
n→∞

f(n) = 𝜋𝜋2 ; lim
n→∞

df(n) = df = 4                                   
                                                                   (7.3) 
 
135.2.2 

Pascal’s triangle determinants 
135.2.2.1 
f(n(⇒7)) =  



(2n + 4)(2n + 3) 

�

�

�

�
�1

0� �1
1� 0 0 0 0 0 …

0 �2
0� �2

2� 0 0 0 0

0 0 �3
1� �3

3� 0 0 0

0 0 �4
0� �4

2� �4
4� 0 0

0 0 0 �5
1� �5

3� �5
5� 0

0 0 0 �6
0� �6

2� �6
4� �6

6�

0 0 0 0 �7
1� �7

3� �7
5�

⋮ ⋱

�

�

�

�

�

�

�

�

�
�1

0� �1
1� 0 0 0 0 0 0 …

0 �2
0� �2

2� 0 0 0 0 0

0 0 �3
1� �3

3� 0 0 0 0

0 0 �4
0� �4

2� �4
4� 0 0 0

0 0 0 �5
1� �5

3� �5
5� 0 0

0 0 0 �6
0� �6

2� �6
4� �6

6� 0

0 0 0 0 �7
1� �7

3� �7
5� �7

7�

0 0 0 0 �8
0� �7

1� �7
1� �7

1�

⋮ ⋱

�

�

�

�

�

 

                                                                   (8.1) 

df(n) = f(n+1)−f(n)
f(n+2)−f(n+1)

                                (8.2) 
 
lim
n→∞

f(n) =𝜋𝜋2; lim
n→∞

df(n) = df = 9  
                                                                   (8.3) 



 

135.2.2.2 
f(n(⇒7)) =  

(2n + 5)(n + 2)(n + 3) 
2

�

�

�

�
�3

0� �3
3� 0 0 0 0 0 …

0 �4
1� �4

3� 0 0 0 0

0 �5
0� �5

2� �5
4� 0 0 0

0 0 �6
1� �6

3� �6
5� 0 0

0 0 �7
0� �7

2� �7
4� �7

6� 0

0 0 0 �8
1� �8

3� �8
5� �8

7�

0 0 0 �9
0� �9

2� �9
4� �9

6�

⋮ ⋱

�

�

�

�

�

�

�

�

�
�3

0� �3
3� 0 0 0 0 0 0 …

0 �4
1� �4

3� 0 0 0 0 0

0 �5
0� �5

2� �5
4� 0 0 0 0

0 0 �6
1� �6

3� �6
5� 0 0 0

0 0 �7
0� �7

2� �7
4� �7

6� 0 0

0 0 0 �8
1� �8

3� �8
5� �8

7� 0

0 0 0 �9
0� �9

2� �9
4� �9

6� �9
8�

0 0 0 0 �10
1 � �10

3 � �10
5 � �10

7 �

⋮ ⋱

�

�

�

�

�

 

                                                                  (9.1) 

df(n) = f(n+1)−f(n)
f(n+2)−f(n+1)

                                (9.2) 
 
lim
n→∞

f(n) = 𝜋𝜋2 ; lim
n→∞

df(n) = df =?  



                                                                  (9.3) 

Part 3 
2x2 matrix chain product representation 
135.3.1 
Launch pad > 
 

A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

rec   A(m) = A(m-1)�
m m

2(m + 1) (m + 1)� ; 

                     m = 2,3,4,… 

init  A(1) = �5 3
6 4�                          (10.1,2,3) 

f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�                   (10.4) 

df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                            (10.5) 

lim
m→∞

f(m) = 𝜋𝜋
4
 ; lim
m→∞

df(m) = df = ? 

                                                             (10.6,7) 
> to find a similar representation for π2. 
Lateral 
** Check lim

m→∞
f(m) for other inits A(1). 



** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec   A(m) = A(m-1)� 2m (2m − 1)
(2m − 1) (2m − 2)� ; 

                       m = 2,3,4,… 

     init  A(1) = �2 1
1 0�                      (11.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (11.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (11.5) 

      lim
m→∞

f(m) = e = [2;1,2,1,1,4,1,1,6,1,1,8,…] 

   ; lim
m→∞

df(m) = df = ?                            (11.6,7)                                                             

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec  A(m) = A(m-1)�(2m + 1) (2m − 1)
(2m − 1) (2m − 3)� ; 

                       m = 2,3,4,… 

     init  A(1) = �3 1
1 −1�                   (12.1,2,3) 



     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (12.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (12.5) 

      lim
m→∞

f(m) = e2 ; lim
m→∞

df(m) = df = ? 

                                                             (12.6,7) 

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec  A(m) = A(m-1)�(4m − 1) (4m − 2)
(4m − 2) (4m − 3)� ; 

                       m = 2,3,4,… 

     init  A(1) = �3 2
2 1�                     (14.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�              (14.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                       (14.5) 

       lim
m→∞

f(m) =√e = [1;1,1,1,5,1,1,9,1,1,13,…] 

     lim
m→∞

df(m) = df = ?                           (14.6,7)                                                             

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 



     rec   A(m) = A(m-1)� 4m − 2 (4m − 3)
(4m − 3) (4m − 4)� ; 

                       m = 2,3,4,… 

     init  A(1) = �2 1
1 0�                      (15.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (15.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (15.5) 

      lim
m→∞

f(m) = ? (numerical value,   
     formula and scf representation) 
     = 2.8190935412390035848… 
     = [2;1,4,1,1,8,1,1,12,1,1,16,1,1,20,1,1,…] 
     = ? 
      lim

m→∞
df(m) = df = ?                         (15.6,7)  

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec   A(m) = A(m-1)� 5m − 3 (5m − 4)
(5m − 4) (5m − 5)� ; 

                       m = 2,3,4,… 

     init  A(1) = �2 1
1 0�                      (16.1,2,3) 



     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (16.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (16.5) 

      lim
m→∞

f(m) = ? (numerical value,   
     formula and scf representation) 
     = 2.8466891383246126216… 
     = [2;1,5,1,1,10,1,1,15,1,1,20,1,1,25,1,1,…] 
     = ? 
      lim

m→∞
df(m) = df = ?                        (16.6,7)  

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec   A(m) = A(m-1)� 5m − 2 (5m − 3)
(5m − 3) (5m − 4)� ; 

                       m = 2,3,4,… 

     init  A(1) = �3 2
2 1�                      (17.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (17.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (17.5) 



      lim
m→∞

f(m) = ? (numerical value,   
     formula and scf representation) 
     = 1.6512076746597993420… 
     = [1;1,1,1,6,1,1,11,1,1,16,1,1,21,1,1,…] 
     = ? 
      lim

m→∞
df(m) = df = ?                         (17.6,7)  

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec   A(m) = A(m-1)� 9m − 2 (9m − 3)
(9m − 3) (9m − 4)� ; 

                       m = 2,3,4,… 

     init  A(1) = �3 2
2 1�                      (18.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (18.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (18.5) 

      lim
m→∞

f(m) = ? (numerical value,   
     formula and scf representation) 
     = 1.6593456859004095342… 
     = [1,1,1,1,14,1,1,23,1,1,32,1,1,41,1,1,50,…] 
     = ? 



      lim
m→∞

df(m) = df = ?                         (18.6,7)  

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec   A(m) = A(m-1)� 8m − 2 (8m − 3)
(8m − 3) (8m − 4)� ; 

                       m = 2,3,4,… 

     init  A(1) = �3 2
2 1�                      (19.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (19.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (19.5) 

      lim
m→∞

f(m) = ? (numerical value,   
     formula and scf representation) 
     = 1.6582354681190688122… 
     = [1;1,1,1,12,1,1,20,1,1,28,1,1,36,1,1,…] 
     = ? 
      lim

m→∞
df(m) = df = ?                        (19.6,7)  

** A(m) = �A11(m) A12(m)
A21(m) A22(m)� 



     rec   A(m) = A(m-1)� 7m − 2 (7m − 3)
(7m − 3) (7m − 4)� ; 

                       m = 2,3,4,… 

     init  A(1) = �3 2
2 1�                      (20.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�               (20.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                        (20.5) 

      lim
m→∞

f(m) = ? (numerical value,   
     formula and scf representation) 
     = 1.6567287716154061360… 
     = [1;1,1,1,10,1,1,17,1,1,24,1,1,31,1,1,…] 
     = ? 
      lim

m→∞
df(m) = df = ?                        (20.6,7)  

** Problems  
     Comprime the equs (11), (12), and (14). 
     Solution 

     A(m) = �A11(m) A12(m)
A21(m) A22(m)� 

     rec  A(m) = A(m-1)�(a + p) a
a (a − p)� ; 



                       a = (2m-1)q ; m = 2,3,4,… 

     init  A(1) = �
q + p q

q q − p�                   

                                                         (21.1,2,3) 

     f(m) = 1
2
�A11(m)
A21(m)

 +  A12(m)
A22(m)

�              (21.4) 

     df(m) = f(m+1)−f(m)
f(m+2)−f(m+1)

                       (22.5) 

      lim
m→∞

f(m) = e
p
q = √epq  ; p, q ∊ ℕ   

      lim
m→∞

df(m) = df = ?                                                                                                                    

                                                            (22.6,7) 
     Find a direct way to equ. (22) and go then  
     to  2x2 matrix chain product representations 
      of  𝜋𝜋

p
q, 𝜋𝜋
e

, and e𝜋𝜋.   
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To be continued. 


