
 
Extension of Unit 5, part  5.1 Eadem mutata resurgo  

 

 
Problem corresponding to Unit 1, Babylonian sqr(2) problem 

Find a simple, fast, and robust algorithm for the numeric calculation 

of  

x = sqr(2) + sqr(3) = 3.1462643… .                                           (1) 

 

Solution 

x = sqr(2) + sqr(3) → x
2
 = 2 + 2sqr(6) + 3 → (x

2
 – 5)

2
 = 24 →  

                                    x
4
 – 10x

2
 + 1 = 0 → x = (10x

2
 - 1)/x

3
 

2

3

 "Babylon" recursion approach:

                                           1 10x 1x := (x + ) 
2

                 (2)
x

 




 

 

Execution record for the initial value x(0)=5 

  t   x(t) 

  0  5.0000000000000000000…  

  1  3.4960000000000000000…  

  2  3.1665040671714326787… 

  3  3.1465323194327065171… 

  4  3.1462671152319901134… 

  5  3.1462643979591898129… 

  6  3.1462643702278922089… 

  7  3.1462643699448901958…  

  8  3.1462643699420021194…  

  9  3.1462643699419726462…  

10  3.1462643699419723454…  

11  3.1462643699419723423…  

12  3.1462643699419723423… stop, fast convergence. 

 

  



Associated difference quotient 

 

t

4

t

 = 97.98979485566356196394... 

                              

x(t)-x(t+1)
limd

            

x(t) =
x(t+1)-x(t+2)

= lim  (x(t))   ! !!





. 

                                            = (sqr(2) +sqr(3))
4
                        (3.1) 

                   

Your homework 
(k)

t

(k-1) (k-1)
(k)

(k-1) (k-1)

(0)

(1)

Check limd x(t) with

d x(t) d x(t+1)
d x(t)  ;                                        (3.2)

d x(t+1) d x(t+2)

                k=2,3,4,5,...

d x(t) x(t)

d x(t) dx(t)












 

Diskussion! 

 

Comment 1 

The foregoing problem is an example for a converging recursion 

equation 

x := (x)                                                                                     (4) 

with 

t

n

t

lim x(t) = a                                                                        (5)

and

x(t) x(t+1)
limdx(t) = a  ; n                           (6)

x(t+1) x(t+2)






 



    

** Find more examples for the function (x) that fulfils in the 

     recursion equation (4) the conditions (5) and(6). 

** Find a general solution for this problem.   

** Are there possible applications in science and engineering?         

                                                

Comment 2 
How about 

y = sqr(3) - sqr(2) = 0.317837245… .  ?                                    (7) 



Extension 1 

Problem 

Find a simple and fast algorithm for the numeric calculation of  

x = sqr(a) + sqr(b) ; a > b                                                       (8) 

 

Solution 

x = sqr(a) + sqr(b) → x
2
 = a + 2sqr(ab) + b →  

                                   (x
2
 – a – b)

2
 = 4ab →  

                                   f(x) = x
4
 – 2(a + b)x

2
 + (a – b)

2 
= 0 →  

                                   x = [2(a + b)x
2
 + (a – b)

2
]/x

3 
→ 

2 2

3 3

"Babylon" recursion approach:

2(a b)x (a b) f(x)1x := (x + ) = x                               (9)
2 x 2x

   
 

Example 1     a=1936; b=77 sqr(a)+sqr(b)=52.77496439… 

Initial value x(0)=45 

Execution record 

 t   x(t) 

 0  45.0 

 1  48.27102332… 

 2  50.47478792… 

 3  51.68159927… 

 4  52.27323611… 

 5  52.54844791… 

 6  52.67344843… 

 7  52.72961870… 

 8  52.75473895… 

 9  52.76594921... 

10 52.77094719… 

11 52.77317455… 

12 52.77416698… 

13 52.77460913… 

14 52.77480613… 

15 52.77489388… 

16 52.77493297.. 

ab - slowly converging, dx(t) 9/4  



2 2 4

3 3 3

Modificated "Babylon" recursion approach:

2(a b)x (a b) x f((x) f((x)x :=  =  = x                     (10)
x x x

    
 

Example 2   a=1936; b=77 sqr(a)+sqr(b)=52.77496438… 

Initial value x(0)=45 

Execution record 

   t   x(t) 

   0  45.00000000000000000000…   

   1  51.54204663923182441700…   

   2  52.87188807573910885687…   

   3  52.76418204167497426393…   

   4  52.77613697367194562797… 

   5  52.77483654176620174020…   

   6  52.77497832237521473898…   

   7  52.77496286845373571509…   

   8  52.77496455295861023265…   

   9  52.77496436934512811693…   

 10  52.77496438935927121740…   

 11  52.77496438717769987826…   

 12  52.77496438741549439697…   

 13  52.77496438738957444098…   

 14  52.77496438739239975471…   

 15  52.77496438739209179131…   

 16  52.77496438739212535978…   

 17  52.77496438739212170076…   

 18  52.77496438739212209960…   

 19  52.77496438739212205613…   

 20  52.77496438739212206087…   

 21  52.77496438739212206035…   

 22  52.77496438739212206041…   

 23  52.77496438739212206040…   

 24  52.77496438739212206040…stop   

 Better converging than equ. (9), oscillating. 

 

 

  



Associated difference quotient 

t

x(t)-x(t+1)
limdx(t) =  = 9.17418682247705668652 

x(t+1)-x(t+2)

                                           =???




. 

                                             

 

Extension 2 

Problem 

Find a simple and fast algorithm for the numeric calculation of  

x = sqr(n) + sqr(n+1) ; n                                                  (11) 

 

Solution 

a=n, b=n+1  

2

3
                                2(2n 1)x 11x := (x                  + )  

2 x
   (12)  

 
1

y = n+1 n n+1 n


                                             (14) 

Example 3   n=17  

x = sqr(17) + sqr(18) = 8.365746313… 
2

3
1 70x 1x := (x + )                                                               (15)
2 x

  

Initial value x(0)=10 

Execution record 

 t   x(t) 

 0  10.00000000000000000000…  

 1    8.49950000000000000000…  

 2    8.36682497741475917423…  

 3    8.36574660242312102552…  

 4    8.36574631279609447707…  

 5    8.36574631273695777233…  

 6    8.36574631273694569869…  

 7    8.36574631273694569622…  

 8    8.36574631273694569622…stop, fast convergence  

 

  



Associated difference quotient 

t

4

t

 = 4897.99979583502619776714...

                              

x(t)-x(t+1)
limd

            

x(t) =
x(t+1)-x(t+2)

 = lim  (x(t) !  )  !!





. 

                                            = (sqr(17) +sqr(18))
4
                  (16) 

 

 

Example 4   n=17777777  

x = sqr(17777777) + sqr(17777778) = 8432.740361… 

                                                           71111110   !!! 

2

3
1 71111110x 1x := (x + )                                                   (17)
2 x

  

Initial value x(0)=10 

Execution record 

  t   x(t) 

  0  10.00000000000000000000…   

  1  3555560.49950000000000000000… 

  2  1777790.24973593892580 

  3    888915.12472734842011155288…   

  4    444497.56118247134295543103…   

  5    222328.77103011550154542532…   

  6    111324.30883418221905408341…   

  7      55981.54157855069757025605…   

  8      28625.90076243105578546665…   

  9      15555.02675446501170868466…   

10       10063.30533125752288590700…   

11         8564.84119858137628946110…   

12         8433.75909764944118363295…   

13         8432.74042276284646456764…   

14         8432.74036123489276513572…  

15         8432.74036123489254067196…   

16         8432.74036123489254067196…stop   
 

Strong attractor: ** initially halving 

                           ** then fast convergence, 

                           ** independent of initial value. 

 



Associated difference quotient 

t

4

t

x(t)-x(t+1)
limdx(t) =  

x(t+1)-x(t+2)

               =5056789965432097.99999999999999980224 

               = lim  (x(t))  !!! 





. 

               = (sqr(17777777) +sqr(17777778))
4
                       (18) 

 

Lateral finds 

With the abbreviated form 
n

n times

a bbbbbbb...b ab                                                                (19.1) 

we find 
n

n n n

2n n n-1

71
**   x(n) =  , lim x(n) 4 , limdx(n) 10     (19.2)

17

**   71 (79 )*(8 9)                   (19.3)

 
 



 

 

Extension 3 

Problem 

Find a simple and fast algorithm for the numeric calculation of  
n

i=m

x(m,n) i  ; m,n                                                       (20) 

 

Extension 4 

Problem 

Find a simple and fast algorithm for the numeric calculation of  
3 3x n n+1 ; n                                                            (21)                                            

 

Extension 5 

Problem 

Find a simple and fast algorithm for the numeric calculation of  

x n n+2 ; n                                                          (22.1) 

Recurrence equation 
2

3

1 (n+1)x 1
x:= (x 4 )

2 x


                                                       (22.2) 

Example  n = 3  x =sqr(3)+sqr(5)=3.968118785… 



Initial value x(0)=1 

Execution record 

   t   x(t) 

   0  1.00000000000000000000…   

   1  6.50000000000000000000…   

   2  4.47348657259899863450…   

   3  4.00271715162709995409…   

   4  3.96881451905825646499…   

   5  3.96813006556810631158…   

   6  3.96811896707430336620…   

   7  3.96811878800500968221…   

   8  3.96811878511603968394…   

   9  3.96811878506943126452…   

 10  3.96811878506867932015…   

 11  3.96811878506866718886…   

 12  3.96811878506866699314…   

 13  3.96811878506866698998…   

 14  3.96811878506866698993…   

 15  3.96811878506866698993…stop   

 

Associated difference quotient 

t

?

t

 = 61.98386676965933508143...

                           

x(t)-x(t+1)
limdx(

               

t) =
x(t+1)-x(t+2)

 = lim  (x(t))  ?





 

                                                                                             (22.3) 

Discussion! 
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