Unit 63

Differential calculus

The Pro&Quo rule in determinant
representation

Ch 12

A formula hunter‘s dream

Differential calculus, the Pro&Quo rule

In determinant representation

And then appears on Puck’s i1Pad for the blink
of an eye this wonderful formula, a
generalized product&quotient rule in chevron
determinant representation



=1 0;(X) _
dx
R G R G, K G F G
F G, 0 0 0 O 0 O
0 GG FF 0 0 O 0 0
0 0 F G, 0 O 0 0
L <0 0 06, F O 0 0
1-_1[6‘2 0 0 0 0 F G, 0 0
0 0 0 0 0 0 . F 0
0 0 0 0 0 0 .. F G,
F=,00:6,=0,09: F =X g/ - 40
dx
(1.1)

But, can one trust such an inspiration?
Confidence is good, control is better.
At first let’s check a special case,
special case 1




-

f (X) = <f2(x) for !_2
1 | = 2
4 ) _ . (2.1)
_9,(¢) . 1=2
d:(X) = < for
k |1 | # 2
We obtain here
{5
9,(%)) _
dx
0 0F G, 00 00
11 0 0 0O 0 0
01 F 0 00O 0 0
. 0 0F G, 00 0 0
G—g*o 0 0 G, 1 0 0 0=
00 0 0 1 1 0 0
00 0O O 0 0 .
00 0 O OO0 .. 11
L*le G, _—_1*F2 G,
G, |, G, G, |k G

and after the substitution

_ . B o df(x) . o, dg(x)
R =100:6, =000 F, = dx G2 = dx finally



d (f(x)j ] df (x) dg(x)

9(x) = dx dx
b @) iy g
4 f(x) a9(x)
- * . 2.2
Q) dgg(x) d?jg(x) (2.2)

This is the well known quotient rule of the
differential calculus in determinant
representation,

This conclusion is correct. Go now to the next,
special case 2

(f,(X) =1
in (x) =<1,(x) for .| =2 (3.1)
|1 1212
(V1)g;(x) =1

resulting in



d(f,(0)*F,(9) _
dx

O O O P O
O P P O O O
P P O O O O
R, O O O O o
O O O O o o
O O O O o o

o
o .-
o -
o

o
O O O
o
o
o
=
=

0|=FF +FF,
0 1 F

and with the substitution

a9 o df,()

Fl :fl(x) , |:2 =f2(X) , I:1/ — dx 2 = dx

finally in

d(f,(x)*f,(x))
dx

m(m mwm

=1,(X)

f,(x)




(3.2)
the associated product rule, there is also no
contradiction.

More, special case 3

f.(X) i=1

f.(x)=4f,(x) for i=2

4 1 i 212 (4.1)
0% . 1=1

g‘(x)_{ 1 for i1

Result

. df,(x) dg,(x) df,(x)
d(fm fz(x>j vl vty
d,(X) 1

__ ! 0 gm0 O
i (G0 0 g0 £,

(|df,(x) g, (x) .

dx

__ 1 dx  dx |f,(x) +f,000,(X)

@O {100 0,0

(4.2)
Also correct.



The expression of the determinant in equ. (1.1)
delivers

d(ﬁfi(x)j
-1 0;(X) _
dx
F G F G, F G, .. F
F G, 0 0 0 © 0
0 G, F,b, 0 0 O 0
0 0 F,b G, 0 O 0
nl 0 0 0 G, F, 0 0
1__1[Gi2 0 0 0 0 F G, 0
0 0 0 0 0 O F
0 0 0 0 0 O F G




1 F G
~ *( : l(FZGZ)(Fng)---(FnGn)
[1e: R ©
i=1
F G,
+(RG,) (FG,)..(F,G,)
11 F2 GZ 33
F G
+(FG)(RG,| > *|(FG,)..(FG,)
3 3
F G
+..+(FG,)(FG,)(FG,)...(F.G, )| 2 ~?)
F, G,
Fi:fi(x);GiZQi(X);Fi/:dfi(x) ;Gi/:dgi(x)
dx dx
(1.2)

Now we start the proof of the Pro&Quo
formula (1) by mathematical induction [2].
This 1s your turn, my student.

And also to think about applications of
equ. (1), esp. in physics and engineering.

[1] http://www.foodhuntermark.com/
[2] http://en.wikipedia.org/wiki/Mathematical induction


http://www.foodhuntermark.com/
http://en.wikipedia.org/wiki/Mathematical_induction

Chl4

Even more hunting

14.1

From Ch 12, equ. (1) follows

d(n(x)*fz(x)j F G F G,
0,(0) 9,(¥))_ 1 R G 0 0
dx (GG,)* |0 G, F 0
0 0 F G,
1 F G, [F G
= 2* (F1G'1) : Ea 1 (Fsz)
(G,G,) R G, R G

F=f(¥);G =9,(x); Fi/ = 0t (x) ! Gi/ = 19,09
dx dx
(5.1)
Find a corresponding one-determinant
representation of the second derivative




dz(n(x) ] fZ(X)j
0,(X) 9,(X)

21dx?

1
(G,G,)

3 (FlellGlGlezez + FleGiGiGsz

+FF,G,G,G,G, + FF,G,G,G.G,
+FFG,G,G,G, +F'F,G,G,G,G,
- EFEG,G,G,G, - FF,G,G,G,G,
- FF.G,G,G,G, - FF,G,G,G,G}
- F'F,G,G,G,G, - FF,G,G,G,G))

1

" (G,G,)

(F

FF G, O
7 G G,
STl
|:1 Gl* Fz
7 Gl |
F G, O
Fl/ Gi Gl
SN

GlGl

GZ

G,G
G/212

FZGZGZ)



df(x) d*f(x)

F=f(x), F = dx = dx”
1! 2!

Check it! (5.2)

and the one-determinant representations for
the extensions

o[ 7 fi(X) 2 [ £ (X)*F,(X)

| [[or | dn| 2
(l;lgi(X)) [ g(x) j
21dx” n'dx"

dn(ux) . fz(x)j
d

9,(x) 9,(x)
nldx"

an . (5.3,4.1,5)

Hint to equ. (5.4.1):
1** Sum-determinant representation for
n=0,1,2,3,4



[1‘1(x)*f2 (x)j R

g(x) G °
d(f1<x>*f2 (x)] R G
g(x) _k e _ FR G e
11dx G°> G* °
dz(fl(X)*fz (X)j R G
g(x) _k = F G £/
21dx? G ° G> ¢
F G O
F G G
F1// G// G/
+ G F
ds[fl(X)*fz (X)j R G
g(x) _k = R G =l
31dx® G ° G> ¢
F G 0 O
F G 0 F G G 0
F1/ G/ G Flll G// G/ G
. F1// G// G/ F/ 3 F1/// G/// G// G/
G? ’ G*



d4£f1(x)*f2(x)j |:1 G
/ /
g(x) _k = R G =1l
41dx? G’ G> °
F G 0 O
F G 0 F G G 0
Fll G/ G Flll G// G/ G
Fl// G// G/ ) F1/// G/// G// G/ /
+ G F - G F
F G 0 0 o0
F G G 0 0
F1// " G G 0
F1/// G/// G// G/ G
Fl//// G//// G/// G// G/
+ S F
(5.4.2)

Fir x =0 ist damit zugleich auch eine
Summen-Determinanten Notation fir die



f1 (X) *fz (X)
g(x)

McLaurinreihe von f(x) =

gegeben:

(di(fl(x)*fz(x)j \
g(x) _
ildx'

f.(X)*f, (X)) <&
f(x) = 22 2
0= &

Example 1
fi(x) = e, fo(X) = sinx, g(x) = cosx (5.4.3.1)

XxX=0—






[n(x)*fz(x)j
g,(X)

d [fl (x)*f,(X) ]

9,(x)

=%0=0

1
!
!

0
1
0

11dx

ik (fl (9*F, (%)
9,(X)

1

_o1l

T
0!

21dx?

j 1

_ 0!y

_10
o







11
0! 0!
d2 [fl (X)*fz (X) ] 1 i 0
gl(X) :&—1_ 11 0
31dx’ 1 3 1)
0" (o)
11 9 o
0! 0!
1 1
11 1, 1
0! 0! 1! 0!
1 1 - 1
1! 0! 21 21 0!
1 -1 1 -1
2 1 | oy !

11

0! 0!
1 1 -1
0!

B

0!

3] U 3

-+




11

0! 0!

q [fl (X)*fz (X) j 1 i 0
9,(X) :ao— 1! ~1
41dx* 1 1Y) 3!

o 5
11 45 4

0! 0!

1 1 1 1
o ol TR
O R
1! 0l |21 21 0!

1 -1 1 -1
21 2l a0 ou

o)



liooo
0! 0!
10100
1! 0!
1 -1 45 1 4
1 2l 0!
1 45 1 4 1
3! 21 0!
—.il 0 _—? 0
4 4.152 0—
o
11
11 0!
1 1 -1
el )
1)\ 3l 1) (1) 2
0! 0!

(5.4.3.3)

More!



— McLaurin series representation of

X J i
e rsInY _ X + x2+§x3 +1x4 +
COSX 6
(£X5+£X6 4 )
120 360
(5.4.3.4)
Example 2

McLaurin series in sum-determinant and
determinant-product representation of

fl (X)*fz (X) Wlth

g(x)
(VI)E® =0
G=1;((ViG*?" =0 (5.5.1)

L0 e i+ [ [ +

g(x)
|:
[|F1| Fzm o /1/ /1 Fé]XS +
Fl
F 1




- 1 0
1
F 1
5 1 /11 /] /!
|F1|F2( ) — /] /] Fz + F1 G 1
Fl G /111 /111 /]
( E 1 0
/ 1
I e (5) Fl 1 /11 /11 /]
F|F S | L
F/// GH /111 /]
5
\ ' > G" G
= 1 0
7 I:1 5 I:/1/ 1/ / 0 111 Fllll G ! l
|F | FZ( ) - /] 1/ FZ( : + I:1 G 1 FZ + 1111 1111 /1l
' Fl G 1111 1111 /1 I:1 G G
Fl G G Fl(e) G (6) G 1
F 1 0
F 1 0 L
/ (7 Fll 1 (5) /l// 1/ 111 Flm G// 1
‘Fl‘FZ - 111 /1l F2 + Fl G 1 FZ + (5) 1111 1l
|:1 G F(5) G//// G// I:1 G G
1 Fl(7) G(e) G////




ACRAGN

9(x)
0
F +F'x
Flll +F1///X

"

0
F/

/X
F/'x
F>x
F 7%

"

o O o - BB

F1/H/ +F1(5)X G/
FOLEDx GO

o O +— O

1 X*
1 0
Gc" 1

o »r O O
R, O O O

1091 -

(5.5.3)

2** The one-determinant representation of
the equs (5.4.2) and (5.5) Is your turn,
my student.

Hint:



4 (fl (X)*f, (%) j
g(x)
41dx°
O F2//// FZ/// FZ// F2/ F2
F G 0 0 0
F 6 G 0 0

(5.4.4)




14.2
A simple transformation

( \
£f1<x)*f2<x)j’_ L) |
0,(x) 9,00 ) 0,00 |

\gl(X) fz(x))

f'x) g,(x) f,(x) g5(x)
1 f.x) g,(x) O 0

(9,00*9,(0)) | 0 9,0 f,(0 O
0 0 f,(x) 9,(x

(6.1)




/

( f,(X) , F,(¥) , F.(X) )
0,(¥) 9,(¥) g5(x)

\
1 *

(9,0 *9,()*g5 (X))

f.x) g9,(x) O 0
0 g f,(x) 0

0 0 0

f,(x)

g, (X)*

£/ 00 g0 f,) g5(x) (¢ g5(x)

0
0

0 0 f,(x) g,(x) O
0 0 0 g,x) f,(x) 0
0

f,(x)  95(x)

g,(X)

f5(x)
f * 3\
() g,(X)

0
0
0

(6.2)

Indicates a structural relationship of this
formulas with continued fractions and their

determinant representation:



-1
0

-1 a,

0




and opens the door to a lot of laterals, f.1.
1. Extension from *

[ 3\
(fl ), £, , £,(0) j ) f,(x)
0,(x) 9, L) < 9,00
(X) 9.(x) g (X) f 60
f,(x)*
\ gs(x) )
1 *
(9,(0)*g, (X)*g, (X))’

fi() 9.0 00 950 fi(x) 95(x)
f.(x) g,(x) O 0 0 0
0 g f,00 0 0 0
0 0 f,(x) g,(x) O 0
0 0 0 g0 f,) O
0 0 0 0 f,(x) 95(x
to +




( y
f,(x)
(X)
0, (X)+ —2
f, 00+ 2
\ gs(x) J

=777

(6.3)

2. Remarkable +/* continued fractions

2.1 In natural numb
Start

2

ers

3

10 1

20

30 >

6

40
50

5

60 ——

8

702

—> 9

r -\) N\
N (Y
D

foroz{i

(8.1)



Change the lobsters

—e
L Sde—2 forO= {+
9 *
20 3 | ?
30 A
40 5
50O 6
60 7
7<>—8
80 —
(8.2)
And In between
1 1 +
s le—1 for O = {
9 *
10 3 | ?
20 A
30 S
40 6
50 7
6<>—8

702
(8.3)



2.2 In odd numbers

Start
3
5
10 7
30 g
50 11
<0 13
Y 15
110 17

130 —

? +
—>{? forO:{*

(9.1)



Change the lobsters

1 ? +
3 —> {? for O = {*
30 c '
50 7
70 9
%0 11
110 13
130 1c
150 —
(9.2)
And in between
"

L 3 — {7 for O = {*

10 c '
30 7
50 9
[£Y;
11
W 13
110 15

130>
) (9.3)



2.3 Mixed odd-even

Start
3
5
20 7
4 g
60 11
80 13
100 15
120 17

140 ="

? +
—>{? foroz{*

(10.1)



Change the lobsters

2

30 4

50 0

70 :

10
12
14

1502

90
116

130

2.4 In primes
Start

30

11

50
110 13

130 17

19

170
19

23

23022

(10.2)

(11.1)



Change the lobsters

3 ? +
S —> {7 for O = {*
50 7 |
70 11
110 13
130 17
17 19
190 23
230 —
(11.2)
And In between
"
3 g — {? for O = {::
30 7 '
50
11
70 13
110 17
130 19
170 >3

190 —

(11.3)



