Unit 53 Euclidean compact and beyond
Euclidean compact

Input: a, b € N

1:=1+1
v=20
n:=1—1
ged(a,b) :==u
m = w
Output
e gcd(a,b)
° cf(%) = [ao; a1, as, as, ..., an] = ag + I
ay + 1
as + 1
as+ -+ —
Qn
° m = R ; detm = +1
Mmao1 Moz
-1
o my = a mod L minimal residue!'
H ged(a, b) ged(a, b) N
Mg = L B mod e minimal residue!
27 ged(a, b) ged(a, b) '
—MmMo b
detm  ged(a,b)
Mmoo a

() (50 ) e

is solution of the linear Diophantine equation

ar+by=c; abeN; ce€Z; ged(a,b)|c; z,y €Z

!The value B or B — M (whichever is smaller in absolute value), where A = Bmod M , is called the



Example 1
a=1272; b= 684

e gcd(a,b) =12

. d(%) :[1;1,6,8]:1+1f

14
o (T -1
M=\ _57 106

6+ 3

a
° ged(a, b) = 106
b
ged(a, b) o
—1
a b
- ) =7
(gcd(a, b)) mod (ged(a, b))
=—-13

(gatn) 4 (o)

x\ 7 =57 5.
° <y>_<—13 106>< { >7tEZ
is solution of the linear Diophantine equation

127204684y =c; c € Z; 12|c

Example 2
a =9060; b= 4872

e gcd(a,b) =12

1
. cf<9) =[11.6.8.7 =1+ —
b [

i

oo —57 106
M=\ 406 —755

a
— =755
° ged(a, b)
b
——— =406
ged(a, b)

minimal residue of Amod M [1].



a
(i) ™ (geat) ==
b B a
<gcd(a,b> mod <gcd a,b)>
v\ (=57 406 \ [ %\
< )‘( 106 —755)( t )’tez
is

solution of the linear Diophantine equation

9060 x + 4872y =c; c € Z; 12]|c

Exercise 1
Discuss the meaning of the matrices

m? and mm? .

Exercise 2

The loop body of Euclidean compact can be rearranged:

<Z>:<?mi<z>><21><“f” y) (1) -
() =Cnty miy) (1)

Discuss the following Euclidean compact extension regarding this:

u a

v =

e
" 1nt(%) mt(%) 1nt(%) - "
B el B o R R O B N B v
w mt(%) mt(% int(%) w

loop condition 7

result 7 := v

Discuss other Euclidean compact extensions.

Exercise 3

The Fibonacci sequence < f(i) >, defined by the recurrence relation
f)=f@2)=1
@) =fli—=1)+ fi—2); 1=3(1)...



obey the ged law

ged(f (@), f(5)) = flged(i, ) -

Find similar ged laws for other sequences.

Solutions:

o gced(20 — 1,27 — 1) =28¢d0d) . 4 j € N

o ged(p’ —q',p) — /) = pl) — @D pgePi p>qi i jEN

o ged(a’ — b a? — ) = a#d9) — pecd@d) . g b € N; ged(a,b) =1; i,j €N

Exercise 4
m .

a=][p; p1=2,p2=3,p3=05, pp =7, ... — prime sequence; a; € Ny
i=1

Find an Euclidean-like algorithm for computing

o0
red(a) = [] ps_gn(ai)-(ai—l)
=1

K3
without prime factorization of a.

Example:
a=1272, red(a) =4

Extension and exhaustion 1

ged(a, b) — greatest common divisor of « € N and b € N

lem(a, b) — least common multiple of @ € N and b € N

Let
o0

a=1][p"; p1 =2, p2=3, ps=>5, ... prime sequence; a; € Ny
i=1
w .

b=IIp" Bi € Ny
=1

the prime factorizations of a and b, then the ged(a,b) and lem(a, b) are defined by
ged(a,b) = I pr_nin(aiﬁi)

)
1=1

(o ]
lem(a, b) T] p?ax(ai’ﬁi)

1=1
and

ged(a,b) -lem(a,b) = a-b =[] poithi
i=1

2

The number—theoretic functions ged(a, b) and lem(a, b) can be interpreted as binary ope-
rations on N:

ged(a,b) = alb
lem(a,b) =aTb.

This both and a third binary operation, derived from | and T

4



aTb a-b - 5
aob= - :HPL% = gy mas,
i=1

alb  (alb)?
aOb; Oe{L,T,o}

satisfy the following properties:

e I[faeNandbe N, then allb e N
property of closure

o (Va)(Vb)aOb=00a; a,b €N

commutativity

e (Va)(Vb)(Ve) (aOb)0c=a0(b0c¢c)=a O0b0c¢; a,b,ce N; Oe {1, T}

associativity

e (Va)(Vb)(Ve)(aob)oc=ao(boc)=aoboc

only with
i i ] k_ gk
p—q P—4q p—q
semiassociativity

e (Ae)(Va)aOe=ela=a; e,aeN
identity property, e — identity element
el =00;el =1;e0=1

The algebraic structure (N;a[Jb) is a commutative monoid.
Over and above that the operations | and T obey the laws

e (Ya)(Vb)ala=aTa=a; a,beN

idempotent laws

o (Va)(Vb)al(aTb) =aT(ald)=a; a,b €N
absorption laws

e (Va)(Vb)(Ve) (aLlb)Te=(aTe)L(bTe); a,b,c €N
(Va)(Vb)(Ve) (aTb) Le = (ale)T(bLe); a,b,c € N

distributive laws

The algebraic structure (N;aLb, aTb) is a distributive lattice, (N;alb) and (N;aTb) are
commutative monoids.

The operation a o b obeys the following additional laws:

e (Va)aoa=eo=1

involutive law

1

(N; aob) is a commutative group with the identity element 1; the inverse a~" is represented

by a.



a-b iffalb=1
e aob=14¢ 7 ift alb=10
g iff alb=ua
e (Va)(Vb)(a-a)o(a-b)=a-b; a,b€eN; alb=1
o (Va)(Vb)(Ve) (a+b)ec= (aoc)+(bec); a,b,c € N
a+b|aob
a+b| a-b
a+b|aob
alb |a+b
o (Va)(Vb)(Ve) (alb)oc=(aoc)T(boc
(aTb)oc=(aoc)L(boc
only with
i i ) k_ gk
P Ak Gy ek PP L pqig k€N p>q; ply; ik
pP—q p—q pP—q

reverse distributivity

Extension and exhaustion 2

Find a simple and homogeneous algorithm for solving the linear Diophantine equation

Ya;xi=b; a; €Ny w; € Z; b€ Z and ged(ay, as, ..., an)]b.

=1
) Input: (a1, as,ag,...,a,); b
Solution:
L= Q1 o i=a2; rzgi=ag, ...; T'p = Gy
Algorithm
. . i=2(1)n
Diophantine
1 0
compact Ui=Tiiqy VI=Tg W= (O 1 )

(01
L7801 —ine ()

(u,v) := (v,umodv)

v=20

rii=unmy

=w
ged(ay, az, ag, ..., ap) =1y,

b Algorithmic idea?
Yn = ged(ay, as, as, ..., ay)
i=n(1)2
Yi—1 L Yi .
()T
T =Y

Output: (2, ..., 3, T, 27)

ged(ay, az, as, ..., ap)




Example 1
n=4; a =1272; ay = 684; a3 = 147; a, = 132; b= —144

ar az az a4 || W, M,
1272 684 147 132 ((1) ?)
684 588 <(1)(1)><(1)_11>:<(1)_11>
o ()0 A0 )
0o ) 5) =05 )
20 <_21 —713>((1)—18):<—713 1567)_—2
1
12 147 (0?)
e [0
1 1 1 —12
23 (20)(2—12>:<0 1>
co () (R )
1
3 132 (02)
a4 ) (V)= (1)
1 1 1 —44
i ! <(1]0><(1)—44>:<0 1>_m4
ged(ay, as, as, aq)
b —144
y4:gcd(a1,a2,a3,a4): 3 =8

s\ wi ) (1 -4\ [ —48\ [ —48—4dt;
(m)=m(n)=(5 2*) () =751 ) ues

v\ ys \ [ 12 49 \ [ —48 44ty \ [ 5764528ty +49¢5 \ |
($3)_m3(t3>_( 1 -4 5 =\ as_aap, 4y )IBEL

yi=a\ _ (v ) 7 =57 576 4+ 528t4 + 493
T T2\t )\ —13 106 to

4032 + 3696 t4 + 34313 — 5Tt e
— 7488 — 6864ty — 637t3 + 1068, ) 2



Result:

Ty =1y

ry = —48 —44t, — 413

Ty = —T7488 — 6864 t, — 637t3 + 10615

r1 = 4032 + 3696 t4 + 343 t3 — 571, to,t3,t4 € Z

Check:

a1r1 + %9 + azxrs + A4r4 =

1272(4032 + 3696 t4 + 343t3 — 57 ty) + 684(—7488 — 68641, — 637 t3 + 106 t5)
+ 147(—48 — 44ty — 4t3) + 132(ty) = —144 =

Note:

The algorithm Diophantine compact provides the right results (x,, ..., 3, 2, 1) also for
ged(aq, as, as, ..., a,) /b, in this case exist z; € Q.



