Unit 47

® Matrix algorithms for analysis and synthesis of binary relations R on a set M
® Extensions and applications in the field of mathematics, computer science and
algorithm engineering.

Lecture in the class given by Erwin P. Stoschek at the Chonging University, Dept.
Computer Science, recorded and illuminated by Liu Tianhai.
Part 1: Matrix algorithms for analysis and synthesis of binary relations R on a set M
Binary relation on a set
Abinary relation R on a set M = {my, my, ms,..., my}; card(M) = p
represents a defined relationship between two elements each of M, expressed by the
® et notation
R = {(mj, m;) | mj, m; €M and m; is related to m;}
RcMxM
M xM = {(m;, m) | mi, m; €M}
ordered pair
Cartesian product

® element notation
m; is related to m; by R | mjis not related to m; by R
(m;, m) ER postfix |(mj, m;)¢R

miRmj; xRy  infix | mRm, =m,Rm,
R(m;, m;)) prefix
notation
Examples:

- XZY; x<y;X|y;x = y(mod k) onN
- word w; is containing in word w; on A’ fe.
UGACU c GUGAUGACUUAACG
- m; is successor of m; in a sequence or in a operation
- component m; is built in component m;
- pin m; of an integrated circuit is connected with pin m;
- species m; is ancestor of species m;

Representation of relations R on M
® Set nottion, Isting dl dements of R
R={(a, a), (a, b), (b, a), (& c)}c{a b, c}x{a, b, c}
® Set notation, using set builders
R={(x,y)|x,ye{l,2,3,4,56,7, 8}and x|y}
X |y — x divides y (without remainder) ;

int(l) =div(y,x) = J y mod x = rest(y, x) =0
X X



® Element notation, using predicates xRy = “x|y”
® Relation graph:
directed graph with set of vertices M and set of edges R

directed edges of the relation relation
graph

@
(=) .
™)

Example

M={1,2, 34,5867, 8}
miij = mi| m
R={(1,1).(22),(8,3), (4 4),
(5.5). (6,6), (7, 7), (8 8),
(1,2),(1,3), (1, 4), (1, 5),
(1,6). (1,7), (1, 8), (2, 4),
(2,6), (2,8),(3,6), (4, 8)}

® Characteristic function of the relation R:
unique mapping f: M xM —{0, 1} fromM x M to {0, 1}

f(mi, m) =f[i,j] | if

1 m;Rm,




0 m. Rm

! J

Relation matrix

px p (p by p) matrix

= value table of f(m;, m;)

= adjacency matrix of the relation graph

t=(mm) * P =q.p " P
i=1,j=1 i=1,j=1
classical notation Cartesian notation
(mathematics, physics,...) (pattern recognition, image processing,...)
column j
o
1 p
f[i, j] f[i, j]
p 41
EL 1 p
column j
— classical matrix operations — algorithmic matrix operations!

The representation of a binary relation R on M by its relation matrix is the most
frequently used (especially for large p) basis for the algorithmic and computer
handling (analysis and synthesis) of this relation in many applications.

Example: “divides” relation
Relation graph

M={1,23456,7,8}

miij = mi| m

R={11).(22),(3,3) (4 4),
(5,5), (6,6), (7. 7), (8, 8),
1,2),(1,3), (1, 4),(15),
(1,6), (1,7), (1, 8),(2,4),
(2,6).(2,8), (3,6), (4. 8)}




and relation matrix (Cartesian notation)

N\
sl1/1]of1|0]o]0]1
7l1lolojojolo]1]0
6f1/1/1]/0]/0|1]0]0
f=5Q1/0|0|0[1]|0|0|0] =
411/1/0]1|/0]0|0]0O
3J1|/oj1|o|0|0]0|O
2f1]1lolo]olo]o]o0
| 1lololololololo
J 2345678

11010001
10000O010
11100100
10001000
11010000
101 000O0O0
110000O0O0
100 00O0O0OTGO

The following special binary relations are very important.

Abinary if the condition .. is
relation true
R < M xM is | R-notation f-notation
called ..,
reflexive (VX) XRx (Vx) f(x,x) =1
xeM xeM
irreflexive (VX)XRX (vx) f(x, X) = 0
symmetric (VX)(VY)XRy <> yRx | (VX)(VY) (X, y) = f(y, X)

antisymmetric

(VX)(VY)XRy —> yﬁx
X#Y

()Y Ty v Ty, x) =Ty A Ty, x)=1=
XY

()W) f (X y) A Ty, x) =0
X#Y

asymmetric

(VX)(YY)XRy —> YRX

(V)(Vy) f (% y) A F(y,x)=0

From this follows (Vvx)f(x,x)=0

i.9. an asymmetric binary relation is at the same
time also irreflexive.




Abinary if the condition .. is true
relation R-notation

RcMxM
is called ..,

f-notation

transitive (VX)(VY)(YZ)XRy A YRz — xRz

(V)(WY)(V2) f(xy) A Ty, 2) v f(x2)=1
This definition has the implicit form
avb=1 expression = value.

It can be transformed into the explicit form
b=awvhb, variable=expression, proof by

b avb | avhb

1 0

o oo
D~ O
[

= ¢ -

= Hp
=

1

seealso: x*=2-—>x _2 (Module 1)
X

With this we obtain finally an explicit formulated
definition
[(W)(W)(V2) F(x,2) = F(x,2) v F(x,¥) A F(Y,2)]

intransitive | (Vx)(Vy)(Vz)XRy A YRz — xRz

(Y)(YY)(VD) T (X, ) A T(y,2)v F(X,2)=1—
(F(WY)(v2) (%, 2) = F(x,2)* F(x y) A F(y,2)]
witha—b = a A b (inhibition, logical subtraction).
From this follows (vx) f (x,x) =0, i.g. an
intransitive binary relation is at the same time
also irreflexive.

Tablel : Special binary relations on a set
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Transformation of implicit logical formulae into the form
“variable = expression” (— “variable: = expression”):

implicit formula
expression = value

corresponding
variable = expression

avb=0 a=anb
b=anb
avh=1 a=avb=anb
b=avb=anb
b=anb
anb=1 a=avb=anb
b=avb=anab
a®b=0 a=b
a®b=1 a=b
b=a
a®b=c a=bo@c
b=adc Proofs by using truth tables.
Abinary if the
relationR < M xM | condition ..
is called .., Is true f-notation
equivalence relation | reflexivity (") f(x,x) =1
symmetry (")(vy) (X y) = £(y.x)
transitivity (YX)(VY)(V2) F(x,2) = F(x,2) v T(X,¥) A T(Y,2)
irreflexive asymmetry (VX)(VY) (5 Y) A f(y,x)=0
partial ordering transitivity (VX)(Vy)(V2) T (x,2) = (X, 2) v T (X, Y) A f(y,2)
reflexive reflexivity (") f(x,x) =1
partial ordering antisymmetry | (vx)(VY)f(X,Y)A f(y,X)=0 x=y
transitivity (YX)(VY)(V2) f(x,2) = f(x,2) v f (X y)A f(y,2)

Table 2: Special binary relations on a set




Example: “divides” relation

M={1,2, 34,5867, 8}

miij = mi| m

R={(1,1).(22),(8,3), (4 4),
(5.5). (6,6), (7,7), (8 8),
(1,2).(1,3), (1, 4), (1, 5),
(1,6). (1,7), (1, 8), (2, 4),
(2,6),(2,8),(3,6), (4, 8)}

R is reflexive
antisymmetric} a reflexive partial ordering.

transitive



Question:

isthe given Ron M = {1, 2, .., 12} irreflexive, asymmetric, transitive,
intransitive?

12 1 1 1
11
10 1 1 1
9
8 1 1 1 1
7
6|1 1 1 1
5
4|1 1 1
3
o1 1 1
1
1 23 45 6 7 8 9 10 11 12

10



Implantation of the f-noted definitions of the special binary relations reflexive,
irreflexive, symmetric, antisymmetric, and asymmetric into the mathematical model
relation matrix, Cartesian notation, using the matrix operations

® Extraction of the main diagonal elements of the relation matrix f

0 i # j) p p
re(f)=| % ;4 for
(0 (f[ll] i=j)i=1j=1,
® Extraction of the symmetric part of the relation matrix

f
) fi, j]= f[ji]) P P
Sym(i)—(f[i, il for fi, j1= f[j'i]ji= 1, j=1'

gives the following f definition

Abinary relationR < M x M is called .., | if the condition .. is true,
f-Notation

reflexive re(f) = e (identity matrix)

irreflexive re(f) = 0 (zero matrix)

symmetric sym(f) = f

antisymmetric sym(f) = re(f)

asymmetric sym(f)=0

Table 3 : Special binary relations on a set, matrix definitions

® Now: implantation of transitivity and intransitivity definitions into f

(VX)(W)(VZ)f(X z) = f(x, Z)f(X, y)~ f(y.2)

X,¥,2eM

ﬂ indexed notation:  f(x,y) — f(m;,m;) — f[i,k]

(VI)(VJ)(Vk)f[I kl=fIi, I<] FIi, j1A fL4.K]
i, j,keNI[L p]

separation of quantifications

(V(VI((VK) fi, k] = f[i,k] fLi, JIA fLJ,Kk])
ﬂ implantation into f

(vD)(V))(columnl[i] = column[i]< i, j > Acolumn[j])
t content of cell[ij] = f[ilj]

11



col[j] col[i]

p
f= cell
J [i, j]
1
1 i i p

ﬂ that means

check for all cells of the matrix f the condition col[i]=col[i]x <i, j>ecol[]]
(triple operator), ; L

/\

for instance in the following sequential navigation order (line serially with flyback).

col[j] col[i]
D kt ——fo—fro— _'gtop
—1e—}e
\Y
j I 1) "
Se—20 |
\

12



By extension “=” — *“:=” we obtain the matrix operation “upwards iteration”

col[j] col[i]
— =
_i_,
J <eo— | [i,]]
S—20
1| eme—tre—fre— e —1—e
1 j i P
Input:p;f
matrix : = f
j:=1(0)p
i:=11)p
yes fli, j] # 0

col[i] : = col[i] \V (f[i,j]/\)col[j]

it} (f) : = matrix

Output : it (f) — upwards iteration

13



and downwards iteration

col[j] col[i]
— =
4+ —
J <+ [i]]
S—20
1 gm—n——»——»—bao
1 I P
Input:p;f
matrix : = f-re(f)
j:=1(0)p
i:=11)p
yes fli, j] # 0

col[i] : = col[i] - (f[i,j] /\)col[j]

it t (f): =matrix \V re(f)

Output : it v (f) — downwards iteration

and with that the f definitions

A binary relationR < M x M iscalled .., | if the condition .. is true, f-notation
transitive itt (="
intransitive iti (f="fre)=0
equivalence relation re(f) =e
sym(f) = f
itt()=f
irreflexive re(f) = sym(f) = 0
partial ordering itt()=f
reflexive re(f) = sym(f) = e
partial ordering itt()=f

Table 4 : Special binary relations on a set, matrix definitions.

14



Example: “divides” relation (x|y)

(reflexive partial ordering)

: fis transitive

it t(f)

OO OO0 O0OO0o

OO0 00000

OO 100000

OO OH1H000O0

OO0 +H100O0

OO 100 +H0O0O0O

O 1O 1O 0O

H downwardsiteration

A i i A _
I

|

it (g)

Il
1O OO0 O0O0OOo

OO0 OO0 O0OOo
OO 10000 O0o
OO O-HOOOOo
1O 0O +H00O0
OO 10000
OO 1O HO 0O

Old Ol Ol —
|

g=itd(f)

15



=—p all transitive
bridgings are
removed, g is
intransitive.

g (Hasse diagram) of the “divides” relation is its storage minimum!
From this storage minimum you can reconstruct f completely:

f=itt (q)

Error in R = {(X, y)| X, y€M and x|y and x=y}

M={1,23,45,6,7, 8}

OFrRPORFRPORFrOoOIF
QO OO OCOOO0o
QO OO OCOOO0o
[cNeololNoloNelNoNe]
[cNeoloNoloNeNoNe]

O R BRIk PRI, R
cOoococoRr oo
efoloNoNoNeNal

removal of an ordered pair (x, y), Xy from R
removal of the directed edge x—y from relation graph of R
falsification of f(x, y) =1 into f (x, y) = 0 in the relation matrix of R.

=it 1 (f)

16



Error correction in cell(x, y) of f_ by upwards iteration

if and only if(szA)f'(x,z)/\ f(z,y)=1

= reconstruction of the removed transitive bridging

|—h

Il
RPRIRRIR P
oOroRrolo
ofoloNoloNololNe)
ofoloNoloNoloNe)
ofoloNoloNoloNe)

OO0 OO O0OO +—
QOO OO OO O

0
0
1
0
0
0
0
0

‘ (@)
(@ Ne]

itT(f)=

f :successful correction

P PRPRP PP PR
QO OO OCOOO0o
[cNeololNoloNeNoNe]
[cNeoloNoloNeNoNe]
[cNoloNoloNoeNoNe]

I

QO OPFrOFr Ol
[cNololoNol el
[cNeololNoloNeNol

[==

17



error (1—0)

OO0 OO OO0OOoO
OO0 OO OO0OOoO
O OO OO OO0OOoO
OO0 OO oO0OoOOo
OO0 OO OO0

O OO0l OO Oo

O O OO0
1_11_11_1&
Il

- |

. correction impossible

H

|

I
O O O O O o o o
O O O O O o o o
O O O O O o o o
O O O O O o o o
-1 O O O O O O o
O O Ol ©O O O o
AT O 1 O 1 O O O
A Al A O

18



OO0 OO O OO
O OO OO O OO
O OO OO O OO
O OO OO O OO
A OO0 00O OO

OO—H1HO0OO0OO OO

A O—"1 OO0 OO
Il l_ll_lE
I

- |

- correction impossible

=f=1

01 000O0O

1100000
100 00O0O0°TO
100 00O0O
0 00OO0OOOTOG O

1
1

100000O0O0°O

0 00 0O0O0OOOTO O

it T(f)

19



The preceding examples illustrates the inversion theorem of transitive relations:

RcMxM Reduction | ScMxM

f:MxM {01 | 9=iti () g:MxM —{0,1}
re(f)=e/0 . re(g)=¢e/0

- Reconstruction -

sym(f)=f/re(f) f=it1 (g sym(g) =g/re(9)
itT(f)=f itd(g)=g

over({0,1}; v, A) over({0,1}; v, A)

® Reduction: downwards iteration of the relation matrix f= g, removing of

all transitive bridgings in the relation graph = skeleton =
storage minimum of R

® Reconstruction: upwards iteration of the skeleton matrix g=1f, alding of dl
transitive bridgings to the skeleton = algorithmic (sequential,
dynamic) reconstruction of the original relation from its storage
minimum (genome)

Example: congruence relation x=y(mod m) (equivalence relation)
x=y(modm) < m|(x—-y);meN; X, yeN,

x=y(modm) < m|(x-y)

M = N[O, 9]
XRy = “x=y(mod 3)”

20



9 |1 1 1 1
8 1 1
7 1 1
6 |1 1 1 1
5 1 1
=4 1 1 =it 1 (f)
3|1 1 1 1
2 1 1
1 1 1
0 |1 1 1 1
01 345 67 8 9
9 1
8 1 1
7 1 1
. 6 1
g:Iti(f)=5 1 1
4 1 1
3 1
2 1 1 1
1 1 1 1
0 1 1 1
1 2 345 67 8 9
L,
L, {2,58}
{1,4, 7}

=it (9)

21



representative of Ag

representative of A;

The equivalence relation R splits M into equivalence classes A;
M={0,1,2,3,4,56,7,8,9}

(R)
. 0,36,9}u,47}U1{258)
=Py A =A,

with
- (Vi)A =@ nonempty
- (VI)(V))A N A =D disjunct

- AUAUA U..UA, =M complete

(Vi)(Vx)(vy)xRy

X,yeh B
(vi)(vi) (vx) (¥y) XRx
iz] XxXeA YeA

22



Adjacency matrix and connectivity matrix of a directed graph with p vertices
M = {my, my, mz,..., mp}

p p

iz(f(mi!mj)) i:]., j:l
f(m;,m;)=1 -thereis a directed edge fromm;tom,

f(m;,m;)=0 -thereisn’ta directed edge fromm;tom;

- adjacency matrix

c= (c(mi : mj))i :1p j = E =it (f) - connectivity matrix (transitive closure of f)

c(m,m;)=1 -thereis a directed path (sequence of successive edges) from m; to m;

c(m;,m;)=0 - there isnt a directed path fromm;tom,

23



Loop finder in an asymmetric binary relation R in M

=0

re(f) = sym(f) = re(it t (f))

R is loop free if and only if

Example 1:

N[1, 8],
relation graph:

M=

(ydesb
uonejal ayx ul yred pasojd Aue jou) aaiy dooj SI Y

<0=(®) 1 mar = QwAs = (1)a1

itt(f)

0/0/1j0j1|0|1]0
0/0/0j0|0]|0O0|0]O0
1/0{0|0(1]0|1|0
0/0/0j0|0]|0O0|0]O0
1/0{1|/0(1(0|0|0
0/0/0j0|0]|0O0|0]O0
1/{0(1(0(0f0f1|0
0/{0{0|0|0|0|0]|0

1 2 345 6 7 8

24



Example 2

| =

8 1 1 1

7

6 1 1 1

5

4 |1 1

3 1

2 1 1

F 1
1 2 345 6 7 8

M = N[, 8],

relation graph:

25



1

1

1
1
1
1

111]11(1|1

111]1|1]1

1/1]1|1|1
111]1|1]1
111]1|1]1
1/1]1|1|1

O M~ O LW - MmN

itt(f)=

1 2 3456 7 8

O ™~O IO < M AN

re(it t (f)

1 2 345 6 7 8

=0, @, ®, @ are vertices in a loop.

26



Exercises:
1. Show that
o itt(itt () =itt ()
® it) (it (H)=itl(f)
® itt (it (H)=itt ()
2. Show that
if
itt (H="1,
then
itt (it ) =1
3. it 1 (f) is the relation matrix of the minimal transitive relation that contains a given
binary relation with the relation matrix f (transitive closure).
Find in a similar way the maximal transitive relation containing in a given binary
relation.
Example

4. How we can find the rotational direction of a loop?
How we can separate (color) different disjunct or connected loops in a binary
relation?

27



Part 2: Extensions and applications in the field of mathematics, computer science and

algorithm engineering
Summary of part 1:

Input:p;f

matrix : = f

j:=1(1)p

i = 1(1)p

yes f[i, j]%0

col[i]:= col[i] v (f[i, j]r)col[j]

it 7 (f) : = matrix

Output : it 1 (f) - upwards iteration

Input:p;f

matrix : = f-re(f)

j:=1(1)p

i = 1(1)p

yes i, j]#0

col[i]:= col[i]=(f[i, j]a)col[ j]

it | (f) : = matrix v re(f)

Output : it | (f) - downwards iteration

Two algorithms which throw a long shadow.

28



Preparation for extension:

Input:p;f

matrix : = f

j:=11)p

i:=1(1)p

yes f[i, j]#Q~-no
col[i]:= col[i]v (f[i, j]r)col[ j]

it 1 (f) : = matrix

Output : it t (f) - upwards iteration

The body of the inner for loop

yes f[i, j]=0_-1o

col[i]:=col[i]v f[i, jJacol[]

is defined over the special algebraic structure

{03 xvy,xAY)
\_B_i’na?ﬁlgebraic operations,

set defined on {0, 1}
with:
- vian {0} x{0,1} > {0,}
- xvy and xAay satisfy commutative and associative laws
- for xvy and xAy existexactly one identity element, 0 and 1 respectively
- xvy isdistributive regarding XAy

X Ay isdistributive regarding xvy

Now extension:

from the special algebraic structure
{03 x vy, xAY)

to the generalized algebraic structure
S=(N;x*y.xey)

set “addition” “multiplication”
with
—+, 0. NxN —> N
— +, e: commutative and associative
—+, e:identity elements Aand i; Aex=241



— +, o: is distributive over +

Examples:

N x+y Xey |y | H | Xx-y
{0,1} | xvy XAy |0 1 X=y
{0,1} | x®y XAy |0 1 X®y
R X+y x-y |0 1 X—y
R, min(x, y) X+y | o |0 ?

Last step: extension of the inner loop body of the upwards iteration

yes f[i, j]# Ao

col[i]:= col[i]+ f[i, jJe col[ j]

Last lecture: extension of the matrix calculus for analysis and synthesis of binary

relations on a set

(re(f), sym(f), it1(f) and it} (f))

over the Boolean algebra

({0, 1}, xvy,xay,0,1)

to the algebraic carrier structure
S=(N;x+y,xey 4, 1)

with

—+,0. NxN —> N

— +, e: commutative and associative
—+, e:identity elements Aand u; Aex=241
— +, e: is distributive over +

N Xty Xey |7 H X-y
0 x=y
{0, 1} XVy XAy |0 1 X=y=4 if
X X#Y
{0,1} | x®y XAy |0 1 X®y
R X+Y Xy 0 1 X—y
. @ | X:y
R, min(x, y) X+y | o |0 « if ) y

Extension

30



e Extraction of the main diagonal elements of the p x p - matrix

—(fri i p p
f=(fl, J])i ~1j=1" Cartesian notation
fli, jleN (pattern recognition, image processing,...)
p
f[i, J1
1
S| 1 p
columnii
over S=(N; +, ¢ A, 1)
A e p P
re(f)= if
fli,jl]  i=jli=Lj=1

e Extraction of the symmetric part of f over S

A fli, j1= f[iily p p
sym(f)= if ,
fi, i fli, j1=fl5il)i=1j=1
fis...overS, | ifthe condition ... is true
reflexive re(f) = e (identity m.)
irreflexive re(f) = 0 (zero matrix)
symmetric sym(f) =f
antisymmetric | sym(f) = re(f)
asymmetric sym(f) =0

31



Al [a[a]u AL A
AR wln ARRRNRE
e= |n|n ] o= aa] [a]a]a
ANERARR ARERNRE
‘HA..xxx ARRRNRE

e Upwards and downwards iteration of f over S

col[j] col[i]

—o—f1ro—1r0—| e

I
!

\
— o=t
—+—
J —eo—1 [i]]

[ ——
1| e—Tre—fre—fre—fre—>e
1

Input:p; f

|=h

matrix : =

f-re(f)

j:=11)p
i:=11)p

yes fli, j]# 4 0

col[i] : = col[i] % f[i,j] e collj]

it 7 (f) : = matrix

it | (f) : = matrix + re(f)

Output : it 1 (f) — upwards iteration
it | (f) — downwards iteration

32



Now we test the extension for

- S=(N; +, ¢, ) =(R[0,00];min,+,,0)

- with the shortest paths problem.

Given a directed graph with

- M={my, my,...mp} — set of the vertices

- iz(f[m"mi])i :E i :E — matrix of the direct distances f (m;,m;) € R[0, ]

from each vertex m; to each other vertex m; .
f(m;,m;)=o — thereis no direct way (edge) from vertex m; to m;, mj is not
directly reachable from m; .

f(m,m;)=r; eR[0,0] i @
f(mi,mj):ﬂ,:oo @ @

Example

[

2
1

7

N

&
<
Y

>
al
4 )
>

- M={1,2,3,4,5,6,7}
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1
N W s~ 01O
O|r|wig (8|88

wl|glg|oln|g N8
& 188|888 (8
o8 |8 (|8 Mo |8 ™

o (8|88 |8 ol
888|882

1
]
i
Find the matrix

fz(q)(mi’mj))i :szf

of the shortest distances (paths) @(m;,m;) € R[0,00] from each vertex m; to each

other vertex m; .

@(m;,m;)=o - thereis no direct or indirect way (edge or sequence of edges) from
vertex m; to vertex m; , m; is neither directly nor indirectly
reachable from m; .

Solution

g:itT(D

For our example is

N\

705|4 |6 |xo|2 4|0
643 |2 |0|0|0 |0
S5P3(2 || |0 ||

p=itT(f)=4)5]a 3]0 [2]1 ]2
312110 || ||
20110 ||| ||
1 Ojoo|ow|o ||| o
‘ 2 3 4 5 6

Comment 1

Because of min(x, x) = x is itT(g):g

Comment 2

A nonnegative real function f(x, y) on a set M = {my, my,..., my}
f:MxM — R[0,x]

with

re(f) = e

sym(f) = f
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itr() =f
over S = (IR[0,]; min,+,o0,0)

is called metric on M.

All direct distances in the graph of f are here at the same time also the shortest

distances.
Example
M = {my, my,..., mg}

N\
g8 §23(20(19|18|14|11|12| 0
7 118 |7 (8|2 |1]0]12
6 1298|7301 |11
5 9|6 |5|8|0|3]|2/ 14
f=
- 4 512|308 ]|7]|8]18
3 4 {1103 |5|8]7]19
2 3/0(1(2|6]9|8]20
1 0|3 |4 (5|9 ]12|11]|23
2 3 4 5 6 7 8/
ref)=e fis reflexive
sym(f) =f symmetric
itt(H) =1 transitive
over S = (IR[0, 0]; min,+,00,0)
f is metric on M.
How about it| (f)?
N\
8 0| |ow|w|w|11l]|w| 0
7 w|w|w|lw|2]|1|0]| o
6 w|ow|w|7 || 0 |1]11
_ 5 o|lw |5 |lw|0]| ow]| 2| o
o=it)(f) =
4 0|2 ]w|0]|w| 7 |w]| o
3 0| 1| 0|w|5]|w|w]| o
2 3|/0|1|2|w]| o]|ow]|w®
1 0|3 |w|w|w| ow]|ow]| w
2 3 4 5 6 7 8/
re(p) = e @ is reflexive
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sym(p) =f symmetric

itl(e) =@ intransitive

over S = (RR[0,];min,+,0,0)

@ — metric skeleton; itf(@) = f
measuring scale

3 2 7
AN
1
M 5 2

Summary

Matrix algorithms for analysis and synthesis of binary relations on a set are the basis
for extension and many new applications.

These matrix algorithms consist of 3 parts:

“array + navigation + local operator”, in our case:

col[j]col[i]
P o 0— 00 '
3 o.:—»—>=n *
2 fli. j] e oo | *
1 *— e »o—r0 l
J T_l’ 2 3 p line serially with flyback only one line
- - _
array navigation
"(Vi)(Vj)col[i]:= col[i]x f[i, jle col[ j]"
\ local Gperator —

The navigation is controlled here from outside by a given program (f.e. “line serially
with flyback” or “only one line”), another possibility is the data controlled navigation.
In this case the local operator is mostly local calculator and at the same time also local
navigator (go to next position). The local operator is here a triple operator (col[i],

f[i, j], col[j]). For many applications, especially in the field of picture processing,
local operators with a larger data intake area are in use.
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Input: matrix f = (f[i, j])i :1p j :E

/itT(i):Ti +

Output: matrix Q:\ for
it 4 (f) :ii -
nr. | operand set | algebraic operations
a+b ab |A |p |a-b
1 {0, 1} avb anb |0 |1 |a-b N:y
5 y n
R[0, 0] min(a,b) | a+b | o |0 a-b=1 | a-b=a
alb
3 R a+b a-b |0 |1 |a-b
4 |{0,1} a®b anb |0 |1 |a®b
Applications

Nr.l1 atb=awvb;aeb=anab
1.1 fisadjacency matrix of a graph on M
fli,j1=1  mjis (directly) related to m;

from vertex m; leads an edge (a direct way) to vertex m; ;

vertex m; has direct access to vertex m;;

vertex m; is directly accessible (reachable) from vertex m;
fli,j]1=0 no

J

o=1f — accessibility (reachability) matrix of this graph on M
o[i,j]=1  m;isdirectly or indirectly related to m;
vertex m; has direct or indirect access to vertex m;

vertex m; is directly or indirectly accessible (reachable) from vertex m;

1.2 Loop finder in a graph on M

f is adjacency matrix of a graph.

with re(f) = 0; sym(f) = 0.

Then indicates

re(t1f)=0 no loops

re(tf) #0 one or more loops.

How we can find the rotational direction of a loop?

How we can separate (color) different disjunct or connected loops in this graph?

37




-
I L A Y ..!
lilil!llllil.lll[i][im “1

[

Nr.2 a+b=min(a,b)=alb;a-b=a+b
f is matrix of direct distances of the vertices of a graph

f[i, j] =r; —there is a direct path from vertex m; to vertex m; with the lengthr, .

f[i, j] = oo — there is not a direct path from m; to m;

o = 1 f— matrix of the shortest-path distances of the vertices of this graph.
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Nr.3

3.1 f — product structure matrix of a machine, device,...
fli, j]=n;  component m; is directly built in component m; n; times
fli,j]=0 component m; is not directly built in component m;

o=1f — requirement matrix of this product

o[i,j] =N; component m; is cumulatively (altogether) built in component m; N; times

1210 0 0 0
1 1 11811 1
_ 8|1 e 8 |1
t= 3|3 1 @=11= 3|33 1181
1 1
5 511 8|3 |8|1|1]8]1
j 1012144 110 0|2 |20 w|l2o|2|2]1.6]2 0
1 12
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3.2 Continued fraction

a, + by _5
0 bz - An
a, +
b,
a, +
az +-,
P
a‘n
7 b, | a,
6
5 bs | as
f=4 b, | &
3 b1 djg
2 dg

A0
1‘123456
i

7

P N Wb oo

Bn | An

B1| As

7

6

5
©=11=4|B, | A

3

2

6
5
44
33
2|2
2
0
1 23 4 56 7
7| 5040 | 1854
6| 720| 265
5| 120| 44
4| 24 9
3 6 2
2 2
11 o
1 2
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3.3 Horner’s problem, Horner’s algorithm (rule)

Given polynomial in x of order n with constant coefficients

P ()= Y ax"™

n=4-p,(x)=a,x* +a,x> +a,x* +a,x+a,

1)

()

Find the value of p, (x) for given a; and a given value of the variable x in the
computationally most efficient way (minimal number of multiplications).

Solution: Horner’s algorithm (rule)
® Transform (1)/(2) into a nested expression:

((((Ap) = x+aj) =X +az) =X +az) = X + ag

‘hoé

<—h1 = hox +a; H‘

<—hy = hiX +a;

<——hsz = hyX +as

<——hy = hax +as = pa(x)

@ Algorithm executed by upwards iteration

output
after run 2

02
dy h‘z

ho = ap
hi+1 = hj e X + aj+1; 1 = 0(1)n-1
Pn(X) = hy
6 dq h4 X
03
°
5 az h3 X
02
4 [ J
a2 N2 X
= A
only 3 |¢® H y
colf] &L
2 * Jo
do ho
1

output

after run 1
put

initialization
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® Extension

Repeat the upwards iteration:

do =ho

Gi+1 = Gi * X + hivg; i = 0(1)?

g3 = P 4(x)

The result of the first run is the value of p, (x) ; the result of the second run is the
value of pn(x).

How we can calculate in the same way
- 2 1 .
(P, 0O = P, 00- P, 00 ete?

3.4 Given a

cause | physical system, effect
c(t) "| energy-free fort<0 e(t)

whose dynamic behavior is described by a linear ordinary differential equation with
constant coefficients

> ae?®)=>bcP); a, =1 nxm
i=0

o0 _dle). o _d’ett)
dt’ -’ dt’

Example: electrical oscillatory circuit

1
i) R sL 1 sC
I:I AN | | energy-free fort <0
R L C — i (0)=i(0)=0
Uc(O) =0
u(t) ]
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U =(R+sL+i)J — (s? +BS+L)J Y
sC L LC L

a°i() | R 6i) , 1 o0 1du@)

dt? L dt LC L dt
R 1

n=2; &,=1 a =7, &= C

m=1; b, =0, b1:%, b, =0

Find a computationally efficient power series in t representation of the step response

esr(t) = e(t) for c(t) = c(0)1(t)
1t 'y
1y

Fai!
ar

=
L

t
of this physical system.
Solution

esr(t) = ¢(0)- i%t‘; t>0

ds
6 T Dn-4 an-4 an-3 an-2 an-1
58 &
A bn-3 dn-3 dn-2 dn-1 0
0 @
lf: f bn—2 an-2 an-1 0 0
- d
only 3 L b1 a 0 0 0
col[1] 4 Dna1 n-1
do output
2 bn jnpit O 0 0 0
1
0 0 0 0 0
1 2 3 4 5

What delivers {1 f?

dz = bn2 — bran-2 — (Bn-1 — bran-1)an1

di = bn1 — brana

do = bn
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For our example is

da 1 [ R ,
— — R R
640 LC | L | 0 |d= Lso—T7
Jda 1R
dg= — -
$ o LIC | L | O o
if= (o4 | R d2= — 1%
1 L | 0 L
only T T 4 = 1
L= =
0 ingut o do=0
1
0
1 2 3 4 5 6

4

=203 3(8] ool )
start of i(t) depends only from R and L!

R LC

An “algorithmic microscope”: what happens immediately after t = + 0?
The Euler transformation

X
%41 | lj=2134, .

a.
1+ X
ai—l

iai x' =a, +]ai—x|+

i=0

of the i(t) power series with

r=—; 8=1° i; X=—
R LC T
into a continued fraction results in the “score of the i(t) concert”

1O w-uonw _
u©
R

5
+£(1—35+52)(£j T...
5 T



—~~
Ly |
)
—~~ ——
= B
1 |
%X — N
X 2 x| j |-
M +
1 2 X = —
172 , t
~ ~ % (SRS —lx
The start is determined _;.. —}-a

only by Rand L,

the influence
of C begins
only now.

Find in the same way the “continued fraction score” for the step response

1(1) =0y O the electrical equivalent circuit of a loudspeaker.

i(t) R L

— e }—nnmn

R
L,

4 NN/N/X
c | |

u(t)

v

45



3.5 Given two real arbitrarily often differentiable functions u(x) and v(x).
Find an efficient algorithm for calculation of the coefficients

NI
it dx'{ v(x)

of the Taylor series representation of uty aboutx =a: % = iai (x—a)".

v(x) =
Solution
a __ b U _1 du(0). N
L (@)™ il odx'
V10 1d v(_x)’ <2
it dx'
ba
6 TU(4) ud |l v o o v
5 ¢ b ,
s U U U U Vv 0
4 o D b,=(U'V-UV)-(UV-UV)V
L= 4 U U’ U \Y/ 0 0
only 3 . by , by=UV-UV
col[1], U U \Y 0 0 0
bo output by = U

U inguty 0 0 0 0

1l o 0 0 0 0 0

1 2 3 4 5 6

Extension of the tripel operator col[i]:=col[i]£ f[i, j]ecol[ j]
to the quadrupel operator col[i]:= f[j, jlecol[i]£ f[i, jlecol[j] ; k> ]

Example 1

U(X) =1+ a X+, x> +a X’ +--

V(X) =1+ B X+ B,X° + PoX° + -+

a=0
ux) < i
o &
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by
6 TOM Ba Bs B2 P1 1
5| 8
A 03 Bs B2 B1 1 0
4 o b
N Y N B2 B1 1 0 0
1 1= 0
only 3 l !
CO|[1] A (04} ﬁl 1 0 0 0
2| | bo output
1 input 1 0 0 0 0
1
0 0 0 0 0 0
by=Lb=a-4; b2=a2+,812—a1ﬂ1—ﬁ2
bs:a3+a1:312+2ﬂ1ﬂ2_a1ﬂ2_a2ﬁ1_:813_ﬂ3;"'
Example 2
u(x)=sinx; v(x)=cosx; a=0
U(X) _ Sin X =tan % = i@’l)”lb 2i-1
v(x) cosx % ~ L 5 6
I
o (L f1 111
o Lo | 8 |6 | 4|2t ] 0
5 ¢4 1)1 41 0
Lo| 6| 4|2 o
b
P Gl ) N S I O S 111,
o4 |2 | o 0 o s
Li= i, T1 11 1
o el R N A
col[1] 5 1 1
2P =100 |0 |0 | B==
Lo I
Lo lo|ojo]o]|o
T_L 2 3 4 5 6

tanx =) (-1)""b,x*™

i=1

!;’l'—‘:li—

12| —

| =
|

=R

-2

= -
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tanh x = > b, x*™*

i=1

__1 Z( )|+122Ii 2i

tan x =

i b,
tanhx i 2 —1

Example 3

u(x)=1, v(x)=cosx; a=0

M:L:1+Z(_l)i+lbix2i
v(X) coSsX y
1 2 i
=1-) b x?
cosh x g'
|
. bs 111|111
A8 e |4 |2 o
sﬁf’a LTL]LlLT,
o642t
1)
4*3 LI N N R Y
T4 f2]or
L f= b, 1
only 3 luutp.tt_ S— 0 0 0
col[ 1]
W5 |
20 =0 o oo
5| o
Lo |0 0|0 |00
| L 2 3 4 5 6

oy

L
%3

o

[
2|~ 2|~ 2|

B2l= 2~

| =
+

= 2

12

| —

(5]

=
|
=

=

12| =

Bl

S| -

2]~

Y
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Find time to think

In general, polynomial equations
p.(¥)=Yax =a [J[(x-x;)=0;n>5 (1)
i=0 j=1

can not be solved (given the coefficients a; , find the zero’s x; ) in expressions
containing the coefficients a, and a finite number of additions, subtractions,

multiplications, divisions, and root extractions.
But in the special case (wormhole)

n ) k v k
P () =>ax =a,[[(x-x;)" =0; Dv,=n;

i=0 j=1 j=1
all x; and v; are pdrwise different fom ech oher, espectively @)
even a solution in rational expressions containing the a; and a finite number of
additions, subtraction, multiplications and divisions is possible.

Find a simple algorithms to solve the special case equ.(2) in this way.

Solving advises to equ.(2):

a,, <
° —a—n_ jZ_;vjxj (3)
® ged(p,(x), pa(X)) = H (x— Xj)vrl (4)

ged(p,(x), p,(x)) — greatest common divisor of the polynomials p,(x) and p;(X).
Find gcd(p, (x), p,(x)) using the algorithmic system “array (initialized with thea,) +
navigation + local operator”.

Transitive relation

http://en.wikipedia.org/wiki/Transitive_relation
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