
 
Small challenges to go, part 1 
Ch 1 
Visual resonance 
A suitable 2D representation (matrix product, 
determinant, permanent, …) of a 1D (string) 
notated formula reveals often an unexpectedly 
simple “inner structure”. Simple means here: 

** visually convincing, mental resonance,    
     beauty 

** extensible 
** transferable 
** synergetic, broadband merging is possible. 
 
Example 1 
We start with a simple geometric problem. 

 
 
Given

1 2 3PP P

 is a planar triangle  
 by the coordinates of its      

vertices ( , )i i iP x y=  ;  1(1)3i =  , 
the simplest interaction between 
the points P1, P2 and P3. 
 

Find 1 2 3PP P a formula expression for the area of  in function of the  
coordinates ix  and iy  taking a simplest and shortest way.  
Solution 1 2 3PP P by embedding of  in the minimal rectangle 1 2 3 4Q Q Q Q  
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                       1D string notation (note the high inner symmetry in this    
                       expression!). 
 
The classical 2D determinant notation of equ. (1) is a much more  
convincing reflection of the given geometric object:  
 
 

1 2 3 1 2 3

1 2 3

1 1 1
1
2

area PP P x x x
y y y

=

>0
                 
=0     iff 
          
<0                  

 

+- + +- -

1P 2P

}
} information

redundancy
(2)

3P

 

 
A very important engineering principle is: cancel unnecessary  
redundancy in your design . We go this way and cut the redundancy in 
equ.(2), getting the “shortened 2 by 3 determinant ” notation  
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Formula design according to “creative visual resonance”. 
 
Let’s go to a first extension step from triangle with the result equs 
(1,2,3) to the quadrangle in 2D. 

y

xSimple convex 
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We start with the simple convex quadrangle cv   
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A convincing extension!  
Immediately extensible to n-gon! 
By the way, in classical determinant notation: 
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                                                                                                     (5) 
 
Find similar classical determinant representations for the  area of a 
simple convex 2D 5-gon, 6-gon, … 
More can you find in Unit 19. 
 
Now your exam task. 

c 1 2 3 c 1 2 3
1 1C = x (x +x +x ), y (y +y +y )   (6)
3 3

 = = 
 

is the centroid of P1P2P3. 
Find a shortened determinant 
representation for the tangent of the angle 
P3CP2. 
Compare your result with the shortened 
determinant representation of tanP3P1

 

P2. 
Discussion! 
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Ch 2 
Visual resonance 
A suitable 2D representation (matrix product, 
determinant, permanent, …) of a 1D (string) 
notated formula reveals often an unexpectedly 
simple “inner structure”. Simple means here: 

** visually convincing, mental resonance,    
     beauty 

** extensible 
** transferable 
** synergetic, broadband merging is possible. 
 
Example 2 
Differential calculus, quotient rule 



/ / /
2

/ /

u(x) 1f(x) = *u(x)                               (1)
v(x) v(x)

1f (x) *[u(x)v (x) u (x)v(x)]      (2)
(v(x))

higher derivatives of  f(x).

Using product and quotient rules we obtain
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We can see  
** the higher derivatives are unbalanced 
     regarding u and v, 
** the 1D formula representation of the higher 
     derivatives is more and more unclear and  
      not in “visual resonance”. 
The situation is quiet different, however, with 
respect to the following 2D determinant 
representations. The structure of the solution is 
here very clear and in visual resonance. 
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Lo and behold, inside Pascal’s triangle! 
And, det(6)/det(7)/det(8)/… is the leading 
principal minor of det(7)/det(8)/det(9)/…! 
 
Simplification of the determinant solution 
by normalization 



Using the normalized derivative operator 
notation 

i

(i)i
(i)

d f(x)
f (x)dxF  ; F = f(x)                    (10)

i! i!
= =

we obtain for the equs (6) - (9), respectively, 
the reduced forms without numeric 
coefficients, so for equ. (9) 
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Equ. (11.2) opens the door for a very 
innovative determinant representation of the 
McLaurin series of  

u(x)f(x) =  with v(0) = 1                            (12.1)
v(x)

 
(i)

i (i) i

i=0 i=0

u(x) f (0)f(x) =  = x  = F (0)x =   (12.2)   
v(x) i!
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In the following we take a look at three special 
cases 

u(x)=sinx; v(x)=(sinx)’=cosx                   (14.1) 
2.1 



sin xf(x) = tan x =
cos x
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i 1
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Equ. (14.2) generates immediately a 2D 
determinant representation of the Bernoulli 
numbers [1,2]

1 1 1 1 1
1! 3! 5! 7! 9!
1 1 1 1 1
0! 2! 4! 6! 8!

1 1 1 10(2i)!B ( 1) . 0! 2! 4! 6!
2 (2 1) 1 1 10 0

0! 2! 4!
1 10 0 0
0! 2!

          

−

→
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↓ 

                              determinant of i-th order
                                                                    (15)
More you can find in Unit 6, Unit 20 and Ch 3.
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u(x) = x ; v(x) = cosx                                   (16.1)
1 1 1 1 1x
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Equ. (16.2) generates immediately a 2D 
determinant representation of the Euler
numbers [3,4]
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 An interesting lateral 

1

1

The Gudermannian function [5,6 ]
gd(x) = arctan(sinh x) = tan (sinh x)         (18.1)

1gd (x) = ln(tan x + )                         (18.2)
cos x
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How about 
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The comparison of the equs (15) and (17) 
shows the close structural connection between 
Bernoulli and Euler numbers. 
Your task is to find a Pascal’s triangle 
representation for B2i and corresponding 
for E2i. 
Hint for solution: 
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0 0 0 0
0 0 0

0 0
(2i+1=7)

1 2
1 3 3
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0
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6  
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1 7 21 35 35 21

eterminant

=

Find the way from equ. (15) to equ. (18). 
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Find infinite determinant and power series 
representations for 
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Ch 3 
Visual resonance 
A suitable 2D representation (matrix product, 
determinant, permanent, …) of a 1D (string) 
notated formula reveals often an unexpectedly 
simple “inner structure”. Simple means here: 

** visually convincing, mental resonance,    
     beauty 

** extensible 
** transferable 
** synergetic, broadband merging is possible. 
 
Example 3 
An ex-1 power tower 
The simple 1D string structure of the power 
series representation of ex-1 

x i

i=1

1e 1  x
i!

∞

− = ∑                                             (1) 



is reflected in the simple 2D determinant 
representation
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x
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Next step, how about that e power 
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Surprisingly, we find a very clear determinant 
structure, inside Pascal’s triangle (again the 
Pt!), in visual resonance! 
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 The equs (3) and (4) provide a 2D 
determinant representation of the Bell 
numbers, so we have f.e. 
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Bell and Bernoulli numbers are connected  
via Pascal’s triangle interface, see 
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42

0
0
0

7!*Bernoulli                                              (7)
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0 0 0 0

0 0 0
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Your task 1 is to extend the equs (2) 
and (4), that means to find corresponding 
infinite determinant representations for 
the power towers 

xx (e 1)(e 1) (e 1)(e 1) (e 1)e ,  e ,  ...    (8)   
−− −− −

 
Task 2 
In example 2.1, equ. (14) we found 
 



sin xtan x =
cos x  =
sinh xtanh x =
cosh x






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1 2 17 62= x  x  + x   x  + x   ...
3 15 315 2835

+
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


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                                                                                            (9) 
Find a determinant representation similar to 
equ. (4). 



 
sin xtan x =
cos x  =
sinh xtanh x =
cosh x
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