13 < 31 — 13°=169 < 31°=961 (1)
Lateral

169 = 13° (2.1)
196 = 147 (2.2)
619 prim (2.3)
691 prim, Bernoulli marker [1] (2.4)
916 = 4*229 (2.5)
961 = 31° (2.6)
12 < 21 — 122=144 < 212=441 (3.1)
44 = 4*11 (3.2)
122 < 221 — 122°=14884 < 221%=48841 (4.1)
4884 = 44*111 (4.2)

Find more. Find a general representation of this reversion
problem.

1222%=1493284 (I 2221%= 4932841 (5.1)
493284 = 4* 123321 = 444*1111 = 4884*101 (5.2)
122227 = 149377284 {§ 22221% = 493772841 (6.1)

49377284 = 4*12344321 = 4444*11111 (6.2)



11 =1*11 (7.1)

1221 = 11*111 (7.2)
123321 =111*1111 (7.3)
12344321 = 1111*11111 (7.4)
1234554321 = 11111*111111 (7.5)
11*111*1111 = 1356531 (8)

11 = 11*1° (9.1)
1331 =11*121 =11*11° (9.2)
135531 = 11*12321 = 11*111° (9.3)
13577531 = 11*1234321 = 11*11112 (9.4)
1357997531 = 11*123454321 = 11*11111° (9.5)
11°=1 (10.1)
11' =11 (10.2)
112 =121 (10.3)
11°=1331 (10.4)
11* = 14641 (10.5)

Let’s jump from the equs (7), (8), and (9) to the
open problem
Representation of numbers by the infinite

© a.
% gum a, + Zl_'l (11)
i=1 L+

** product [ @) (12)
i=1



Q]| o

** continued fraction a, ++— ‘1 (13)
with 1'=111..1 . (14)
i times
** Find related expansion algorithms.
** Find convincing examples.
2%2 A*4 6%6 —f[ (2i)*(2i)
1*3 3*5 5*7 L1 (2i-1)*(2i+1)
. (16.1)
H 2> i
L (2i)° 1 2
Related segment determinant
21 21+1
_ =1 (16.2)
21-1 21
Related segment simple continued fraction
{2 2;4 4’6 6’8 8,10 10,“}:1.2.":7 (16.3)
1*3 3*5 5*7 7*9 9*11



33 5%x5 7x%x7
2x4 4x6 6%8

- Qi+D*Qi+1)
1;[(21—1+1)*(21+1+1)_

(2i + 1)?
| 1(2i+1)2 -1
1=1

4
= 1.27323954 .. = — (17.1)

1 1 1
3*3)e (5*5 , 7*7)6,( 9%9  11*11, 13*13,15*15)is
2*4) \4*6 6*8) \8*10 10*12 12*14 14*16

%/_J

segment 1 segment 2 segment 3

1

(17*17*19*19 L 21%21 23%23, 25%25 27%27 ,29*29 31*31jsz*

16*18 18*20 20*22 22*24 24*26 26*28 28*30 30*32

segment 4

J

243

e
and

(28)

1 1 1
(3*3)1*(5*5*7*7j1*( 9*%9 *11*11*13*13*15*15j1*
2%4) \4*6 6*8) \8*10 10*12 12*14 14*16

segment 1 segment 2 segment 3

J

1
(17*17*19*19*21*21*23*23*25*25*27*27*29*29*31*31)1*
16*18 18%20 20*22 22*24 24*26 26%28 28*30 30*32

N

segment 4

4 (17.1)
Related segment determinant
2141 21+2
_ _ =1 (17.2)
21 21+1

Related segment simple continued fraction



~1.7..=? (17.3)

{3*3_5*5 7*7 9*9 11*11 }
2*4 4*6 6%8 8*10 10*12 "

3*3,5*%5,7*7,_9*9 _
1*5 3*7 5*9 7*11

. Ny
H (21+D*(21 +1) B (18.1)
1 (21+1-2)* (2|+1+2)
12[ (2i+1)°
1 (2i+1)° -4
Related segment determinant
21+1 21+3
_ _ =2 (18.2)
21-1 21+1
Related segment simple continued fraction
[3 3;5 5’7 7’9 9 ’11 11’"1:2.3.":7 (18.3)
1*5 3*7 5*9 7*11 9*13

f(2)*1(2) . 1(4)*1(4) , 1(6)*1(6) , 1(8) *T(8) .,
f(1)*1(3) 1(3)*1() 1O)*1(7) 1(7)*1(9)

o (1) el ()
1_1[ f(2i —1)*f(2i+1) PI)




(19.1)
Related segment determinant

f(21)) f(2i+1) :
feicy  f@iy | W) (15.2)
Related segment simple continued fraction
f(2)*f(2) . f(4) “f(4) £(6)*f(6) f(8)*f(®) } _ (i)
| F(1)*1(3) 1(3)*f(5) (5)*1(7) 1(7)*1(9)
(19.3)

Special cases
**f(1) =1d(1) =1 nat. numbers, equ. (16)
P(f(1)) = P(d(1)) = P(1) = %

D(f(1)) = D(id(i)) = 1
C(fi))=12...=7? (20)
**f(1)) =fib(1l)  Fibonacci sequence
fib(0) =fib(1) =1
fib(i+1) = fib(i) + fib(i-1)
P(f(i)) = P(fib(i)) = 1.3983...=?
D(f(i)) = D(fib(i)) = (-1)'
C(f(i))= 1.93...=7? (21)
**1(1) = pi prime sequence
p1:2, p2:3, p3:5, p4:7, p5:1 I, ...
P(f(1)) = P(pi) =
D(f(i)) = D(p;) =
C(f(1)) = (22)



f3) *1(3) . 1O) *T(®) , 1(1) *T(7) ., T1O) *T(9)
f(2)*f(4) f(4)*f(6) f(6)*f(8) f(8)*f(10)

= fQi+)*f2i+1) _ .
1_1[ f(2i)*f(2i + 2) = TH0)

(23.1)
Related segment determinant
f2i+1) f(2i+2) A 23 9
‘ iy feisn” AW (23.2)

Related segment simple continued fraction
{f@)*f(s) f(4)*f(4) £(6)*(6) f(8)*f(8) } )
f(2)*1(4) 1(3)*1(5) 1(5)*1(7) 1(7)*1(9)
(23.3)

Special cases

**f(1) = 1d(i) =1 nat. numbers, equ. (17)
(f(0)) = n(id()) = MN() = 1.27323954... ==
A(f(1)) = AGd(1)) =1
['(f(i))=1.7...=7? (24)
**f(1) =fib(1l)  Fibonacci sequence
fib(0) =fib(1) =1
fib(i+1) = fib(i) + fib(i-1)
[1(f(1)) = I[I(fib(i))) = ...= ?



A(f(1)) = A(fib(1)) = -1
I'(fi))= ...=7? (25)
**1(1) = pi prime sequence
P1=2, Po=3, P3=9, p4=7, ps=11, ...
I(f(1)) = (pi) =
A(f(1)) = A(pi) =
['(f(1) = (26)

the mixed segment simple continued fraction

f(2)*1(2) . 1(3)*(3) f(4)*f(4) (5)*1(5) }: M(F(0))
f(1)*f(3) f(2)*f(4) f(3)*f(5) f(4)*f(6)
? (27)

Complete Deb 88.6.
Discuss your results.
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1 1 1
(3*3j4*(5*5*7*7J8*(9*9,*11*11*13*13*15*15)w*
2%4) (4*6 6*8) |8*10 10*12 12*14 14*16

1

17*17,19*19 , 21*21 _23*23 _25*25 27*27 ,29*29  31*31)%
16*18 18%20 20*22 22*24 24*26 26*28 28*30 30*32

23

e

(28)



Compression of equ. (28) to the right wing

4 10 12 14 16 18 20 22 24 26 28 30 32

== (29)

How about the left wing?

2) \a 6) |8 10 12 14) 16 18 20 22 24 26 28 30
=9 (30)

1 1 1
(2*2)4*(4*4*6*6j8*(8*8*10*10*12*12*14*14j16*
1*3) |\ 3*5 5*7) (7*9 9*11 11*13 13*15

1

16*16 , 18*18 , 20%20, 22*22  24*24 _26%26, 28*28 _30*30)z,
15%17 17*19 19*21 21*23 23*25 25%27 27*29 29+*31

(31)
Compression of equ. (31) to the right wing
(3)3*(ﬂ*gf*(g*g*g*gf*(E*g*@*g*g@@@jﬁ*
3 5 7 9 11 13 15 17 19 21 23 25 27 29 31
(32)
How about the left wing?

1 1 1 1
E E* ﬂ*g Z* §*E*E*E gv\— E*g*@*g*ﬁ*ﬁ*ﬁ*@ E*
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 '

(33)

Now, it’s your turn to extend 88.6.6.1, and 88.6.6.2
by analogy to 88.6.3, 88.6.4, and 88.6.5.

1 1 1 1
(sz*(5*7j4*(9*11*13*15j8*(17*19*21*23*25*27*29*31)16*“'

1 1 1 1
(E)Z*(§*Zj4*KE*E*E*ET*(E*E*E*Q*E*E*Q*ﬂjw*
6 8



(34.1,2,3,4)

Qi o«
4 241 i~
2

2i+1)? = 2
(2i-1)2+1

s

1
|

cosh i
2

2 2

i _Z
p2+1 12

i 27

241 sinhz (35.1-7)

':18 3:18

I
N



o0 =\ 2
sinh Z = T2 +1
2 =m(2)° -1
e"'? :ﬁ(zi—1)2+1+ﬁ(2i)2+1
e " o (2i-1)° 0 G (2i)° -1
ﬁ pi+1 3
i=2 p|2 -1 2

1 1 1
(3*3j4*(5*5*7*7j8*( 9*9 *11*11*13*13*15*15j16*
24) \4*6 6*8) \8*10 10*12 12*14 14*16

segment 1 segment 2 segment 3

1

(17*17*19*19 L 21%21, 23%23  25%25, 27*27  29*29 31*31)32*

16*18 18*20 20%22 22*24 24*26 26*28 28*30 30*32

segment 4

.

22
e

(28)

and

2%4 4*6 6*8 8*10 10*12 12*14 14*16

segment 1 segment 2 segment 3

1 1 1
(3*3)1*(5*5 *7*7)1*( 9*9 , 11*11, 13*13 *15*15)1*

1
(17*17*19*19*21*21*23*23*25*25*27*27*29*29*31*31)1*
16*18 18*20 20%22 22*24 24*26 26*28 28*30 30*32

segment 4

4 (17.1)

are special cases of



(3*3)5“’*(5*5*7*772)*( 9*9 *11*11*13*13*15*15)5‘3’*
2%4 4%6 6*8 8*10 10*12 12*14 14*16

%K_J %f—/
segment 1 segment 2 segment 3

16*18 18*20 20*22 22*24 24*26 26*28 28*30 30*32

segment 4

F(s(k)) (36)

s(4)
(17*17 L19*%19 21*21 23*23 25%25 27*27  29*29 31*31) .

Complete the table

1 1
s(k) F(s(k))
1 4

4

K &

2 72
k ?
K ?
fib(K) ?



(A(K)) =1,5,7,11,13,17,19,23,25,29,31,35,37,
k=1

41,43,47,49,53,55,59,...
(37)

Complete Deb 88.6.

Discuss your results:
** convergence, possibilities to accelerate the convergence
** 88.6.6 related recurrence equations

** tand e
kck
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tik: Unendliche Produkte No. 6,7

To be continued.



