
 

Unit 61 
A determinant-based Maclaurin series and 
infinite continued fraction representation 

u(x)of real functions f(x), esp. f(x) =  .
v(x)

================================================================================== 

 

             
 
1. The problem 
f(x) is a real analytic function represented by 
an equation. 



(i)
(i) (0)f (0)F  ; i=0,1,2,3,... ; F F = f(0)        (1)

i!
denotes the normalized i-th derivative of f(x) 
evaluated at x=0.
The present talk shows the possibility of a 
reversible, consistent determinant-

= =

based 
Maclaurin series and infinite continued fraction 

u(x)representation of f(x), esp. f(x) = .
v(x)

2.  A determinant-based Maclaurin series    

     representation of  f(x) 



(i) i

i=0
(0) (1) (2) 2 (3) 3 (4) 4

(1) (2) (3) (4)

2

3

4

The Maclaurin series of f(x)

f(x) = F x

      F F x F x F x F x ...     (2)
can be represented by the infinite determinant

0 F F F F F
1 1 0 0 0 0
x 0 1 0 0 0

f(x) = x 0 0 1 0 0
x 0 0 0 1 0
x 0 0 0

∞

= + + + + +

→

−

∑

 .   (3)

0 1
↓ 

 

3. Extension of the determinant    
    representation equ. (3) for f(x) = u(x)/v(x) 



Equ. (3) is the suitable launch pad (see [1])
for the following extension:
The Maclaurin series of 

u(x)f(x) =  ; v(0) =1 ;
v(x)

u(x) and v(x) are real analytic functions               (4)
can be represented

(1) (2) (3) (4)

(1) (2) (3) (4)

(1) (2) (3)

2 (1) (2)

3 (1)

4

 by the infinite determinant
u(x)f(x) = 
v(x)

0 U U U U U
1 1 V V V V
x 0 1 V V V

       . (5)x 0 0 1 V V
x 0 0 0 1 V
x 0 0 0 0 1

→

= −

↓ 

 

4. Special cases of equs (4) and (5) 
4.1  



In the special case                                       
u(x) = 1                                                                 (6.1)
we obtain from the Maclaurin series of  

(i) i

i=0
v(x) = V x  ; v(0) = V = 1                              (6.2)

∞

∑

via equ. (5) the infinite power series  of 1
v(x)

 

in determinant representation  
     

(1) (2) (3) (4) (5)

(1) (2) (3) (4)

2 (1) (2) (3)

3 (1) (2)

4 (1)

5

1  =      
v(x)

1 V V V V V
x 1 V V V V
x 0 1 V V V

 .        (6.3)x 0 0 1 V V
x 0 0 0 1 V
x 0 0 0 0 1

→

−

↓ 

 
4.2 



(2) (4) (6)

(1) (3) (5) (7)

(1) (3) (5) (7) (9)

(2) (4) (6) (8)

3

For the special case
u(0) = u (0) u (0) u (0) ... 0 ;
v (0) = v (0) u (0) u (0) ... 0            (7.1) 
equ. (5) can be reduced to

u(x)f(x) = 
v(x)

0 U U U U U
x 1 V V V V
x

= = = =

= = = =

=

→

−

(2) (4) (6)

5 (2) (4)

7 (2)

9

0 1 V V V
 .        (7.2)x 0 0 1 V V

x 0 0 0 1 V
x 0 0 0 0 1
↓ 

 



Example 1
u(x)Given f(x) =  by an equation.
v(x)

Find  an infinite determinant representation and the
corresponding Maclaurin series of f(x).
u(x) = sinx ; v(x) = cosx ; f(x) = tanx                     (8)

3

5

7

9

With equ. (8) we obtain a 2D infinite determinant 
representation for tanx

1 1 1 1 10
1! 3! 5! 7! 9!
1 1 1 1 1x
0! 2! 4! 6! 8!

1 1 1 1x 0
0! 2! 4! 6!sinxtanx =  (9.1)1 1 1x 0 0cosx 0! 2! 4!

1 1x 0 0 0
0! 2!

1x 0 0 0 0
0!

→

−

=
−

−

↓ 



 

3 5 7 91 2 17 62        = x + x + x + x + x ...  
3 15 315 2835

                                               x +  .   (9.2)
2 2
π π

+

−  

 

What does the series in equ. (9) represent for 

abs(x)
2
π

  ? 



2i 2i
i 1 2i 1

2i
i=1

Comparing the equs (9) with the canonical 
Maclaurin series of tanx

2 (2 1)tanx = ( 1) B x  ; x +
(2i)! 2 2

                                                                               (

π π∞
− −−

− −∑  

i 1
2i 2i 2i

10)
we get a 2D determinant representation of the
Bernoulli numbers [2,3]

1 1 1 1 1
1! 3! 5! 7! 9!
1 1 1 1 1
0! 2! 4! 6! 8!

1 1 1 10(2i)!B ( 1) . 0! 2! 4! 6!
2 (2 1) 1 1 10 0

0! 2! 4!
1 10 0 0
0! 2!

                                   

−

→

= −
−

↓ 

     determinant of i-th order
                                                                               (11)
Similar 2D determinant representations of B2i are 



 

i 1
2i 2i

1 1 1 1 1
3! 5! 7! 9! 11!
1 1 1 1 1
1! 3! 5! 7! 9!

1 1 1 10(2i)!B ( 1)  (12)1! 3! 5! 7!
(2 2) 1 1 10 0

1! 3! 5!
1 10 0 0
1! 3!

                                     determinant of i-th order

−

→

= −
−

↓ 

 
 
     



i 1

2i 2i

( 1)B *
2(2 1)

1
1 0 0 0 0 0

1

2 2
0 0 0 0 0

0 2

3 3
0 0 0 0 0

1 3

4 4 4
0 0 0 0

      0 2 4

5 5 5
0 0 0 0

1 3 5

6 6 6 6
0 0 0

0 2 4 6

7 7 7
0 0 0 0

1 3 5

−−
=

−

 
→ 

 
   
   
   

   
   
   
     
     
     

     
     
     
       
       
       

     
    
    

  (13)

                       determinant of i-th order
                                     




↓ 



Example 2
u(x)Given f(x) =  by an equation.
v(x)

Find an infinite determinant representation and the
corresponding Maclaurin series of f(x).

xu(x) = x ; v(x) = cosx ; f(x) =                          (1
cosx

3

5

7

9

11

4)

With equ. (14) we obtain a 2D infinite determinant 
xrepresentation for 

cosx
1 1 1 1 1x
2! 4! 6! 8! 10!
1 1 1 1 1x
0! 2! 4! 6! 8!

1 1 1 1x 0
0! 2! 4! 6!x            (15.1)1 1 1x 0 0cosx 0! 2! 4!

1 1x 0 0 0
0! 2!

1x 0 0 0 0
0!

→

−

=
−

−

↓ 

 



 

3 5 7 91 5 61 1385       = x + x + x + x + x ... . 
2 24 720 40320

                                         x      (15.2)
2 2
π π

+

− +< <
   



i 2i 1
2i

i=0

i
2i

Comparing equs (15) with the Maclaurin series 
xof 

cosx
x 1 = ( 1) E x  ; x +        (16)

cosx (2i)! 2 2
we obtain a 2D determinant representation of the
Euler numbers [4,5]

1 1 1 1
2! 4! 6!

E ( 1) (2i)!

π π∞
+− −

= −

∑  

1
8! 10!

1 1 1 1 1
0! 2! 4! 6! 8!

1 1 1 10
.         (17)0! 2! 4! 6!

1 1 10 0
0! 2! 4!

1 10 0 0
0! 2!

                           determinant of i-th order                      

→

↓ 

 



The comparison of the equs (12) and (17) 
shows the close structural connection between 
Bernoulli and Euler numbers. 
Find a Pascal’s triangle representation for E2i 
corresponding to B2i equ. (14). 
 
Another interesting comparison!                      
Pascal’s triangle and the sum of powers of 
integers  

 



1

2

3

4

5n
6

6
i=1
n

1
i=1

2

3

4

5

6

0

1 0 0 0 0 0
(-n) 0 0 0 0
(-n) 0 0 0
(-n) 0 0
(-n) 0
(-n)

i (-n)
=               (18.1)

1 0

2
1 3

4 4
1 10 5

6 20 6
1 21 35

2
1 3

4 4
1

0 0

1
1

3
1 6

5 10
1 15 15

7 35 21
1
1

3
1 6

5 10
1

10 5
6 20 6

1
15 15

7 321 355 21

0 0i
(- ) 0 0 0 0
(- ) 0 0 0
(

1

- ) 0 0
(- ) 0
(- )
(- )

1
1
1
1
1

∑

∑

                                                                            

                     (6+1) by (6+1) determinants 
 



1

2

3

4

5

6

2
1 3

4 4
1

1 0 0 0 0 0
p 0 0 0 0
p 0 0 0 0

Δ(k=7,n)= p 0 0 0
p

10 5
6 20 6
1 21

0 0 0
p 0 0
p 0 0

35 7
80 56 56

 

                                                           7 by 7 determinant        (18.2) 
n

2k+1

i=1
n

3

i=1
2 2n n

3 1

i=1 i=1

i
Δ(k,n)=     
Δ(k,1)i

pi = i =  ; p=n(n+1)
4

 
 
 

∑

∑

∑ ∑
                                 (18.3) 

 

 



1

2

3

4

5n
n-i 6

6
i=1

1

2

3

4

5

6

1
2

1 2
3 2

1 6 2
5 10 2

1 15

n mod2 0 0 0 0 0
n - 0 0 0 0
n - 0 0 0
n - - 0 0
n - - 0
n - - -

(-1) i n - - -
=

 mod2 0 0 0 0
15

1
2

1 2
3 2

1
2

1

1

01
- 0 0 0 0

- 0 0 0
- - 0 0

-

3
4 4

1 10 5
6 20 6

1
2

1 3
4 4

1
- 0

- - -
6 2

5 10 2
1 -

10 5
6 20 615 -

1
1
1
1
1
1
1 15 -

∑

                                         (6+1) by (6+1) determinants 
                                                                       (18.4)                                                                                                         



1

2

3

4

5

6

1 0 0 0 0 0
p 0 0 0 0
p 0 0 0 0

D(k=7,n)= p 0 0 0
p 0 0 0
p 0

1
1 1

3 1
1 6 1

5 10 1
1 150

p 0 0
15 1

70 35 21

 

                           7 by 7 determinant        (18.5) 
n

n-i 2k

i=1
n

n-i 2

i=1
n n

n-i 2 1

i=1 i=1

(-1) i
D(k,n)=  
D(k,1)(-1) i

1(-1) i = i = p ; p=n(n+1)
2

∑

∑

∑ ∑
                           (18.6)

 

 
5. A determinant-based infinite continued  
    fraction representation of f(x) for the  
    special case f(2k)(0) = 0 ; k=0,1,2,3,… 
                         f(1)(0) =1 
    corresponding with section 4.2 
5.1 Transformation of the Maclaurin series    



      of this f(x) into an infinite continued  
      fraction 
The Maclaurin series of 

(2k) (2k)

(1) (1)

(1) (3) 3 (5) 5 (7) 7 (9) 9

f(x)     with f (0) 0  F = 0 ;  k 0,1,2,3,
           and f 1 F =1
       = F x F x F x F x F x ...

= = …

=

+ + + + +





 
(1) (3) (5) (7) (9)

3

5

7

9

0 F F F F F
x 1 0 0 0 0
x 0 1 0 0 0

            (19)x 0 0 1 0 0
x 0 0 0 1 0
x 0 0 0 0 1

→

= −

↓ 

can be reversibly transformed into an infinite 
simple continued fraction 



3 51 2 4

1

2

3

4

5

2

1 2

2 2

3 2

4
5

f(x) = [0; , , , , ,...]
x x x x x

1       =                    (20.1)1
1x

1x
1x

x ...
x

x       =                      (20.2)
x

x
x

x
...

α αα α α

α
α

α
α

α

α
α

α
α

α

+
+

+
+

+

+
+

+
+

+
Die Kettenbruchkoeffizienten  αi  sind mit den 
normierten Ableitungswerten F(2k+1) von f(x) 
durch nachstehendes eindeutig umkehrbares 
infinites Rekursionsgleichungssystem 
verbunden.  
Werteverlaufsgleichheit 
in unterschiedlichen Definitionsbereichen und 
mit unterschiedlichen Konvergenzverhalten. 
 



1int( )
4

(1)

1 2int( )+int(

1

1 1

1 1 )
4 4

(1)

1int( )
4

2

(1) (3)

2

int(

2

2 2

2

( 1)(F)
F

( 1)                   = 1                 (22.1)
F

( 1)(F)

F F
                              

1 0

( 1)                 

1

1

 

1

α β

α β

+

+ +

+

− =
= =

− =
=

− =
= =

∆

∆ =

−
=

1 2)+int( )
4 4

(3)

1int( )
4

2
2

3

(1) (3) (5)

(1)

3

(3)

2

3

3

3

                    (22.2)
F

( 1)(F)

F F F
                                  

1

1

 0 F F
1 0 0

α α β

+ +

+

=

− =
= =

=

−
∆

−

∆



1 2int( )+int( )
4 4

(1) (3)

(

3

3) (5)

3

1( 1)                                        (22.3)
F F
F F

+ +

− =
=

 
1int( )

4
3 2
2 3 (1) (3) (5) (7)

(1) (3) (5)

4

1 2int( )+int( )
4 4

(3) (5)

(5) (

4

4 4

4 4

7)

( 1)(F)
F F F F
0 F F F
1 0 0 0
0 1 0 0

( 1)                                         (22.4)
F F
F F

1

1α α α β

+

+ +

− =
= =

∆ =

=

−

−
=

 
 



1int( )
4

4 3 2
2 3 4 (1) (3) (5) (7) (9)

(1) (3) (5) (7)

5

5 5

5

(1) (3) (5)
5

1 2int( ) int( )
4 4

(1) (3) (5)

(3) (5) (7)

5

(5) (7) (9)

( 1)(F)
F F F F F
0 F F F F

= 0 0 F F F
1 0 0 0 0
0 1 0 0 0

( 1)                                        
F F F
F F
F F

1

1

F
F

α α α α β

+

+ +
+

−− =
= =

∆

− =
=  (22.5)

 
 
 
 



5 4 3 2
2 3 4 5

1int( )
4

(1) (3) (5) (7) (9) (11)

(1) (3) (5) (7) (9)

(1) (3) (5) (7)

6

1 2int( ) int( )
4 4

(3) (

6 6
6

6

5) (7)

(5

6

(F)

( 1)                
F F F F F F
0 F F F F F
0 0 F F F F

=
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

( 1)                    
F F F
F

1

1

α α α α α β
+

+ +
+

=

− =
=

∆

− =
=

−

−

) (7) (9)

(7) (9) (11)

                (22.6)

F F
F F F

 



6 5 4 3 2
2 3 4 5 6

1int( )
4

(1) (3) (5) (7) (9) (11) (13)

(1) (3) (5) (7) (9) (11)

7 7

(1) (3) (5) (7) (9)

(1) (3) (5) (7)
7

1 2int( ) int( )
4 4

(1) (

7

3) (5)

7 7

(

(F)

( 1)
F F F F F F F
0 F F F F F F
0 0 F F F F F

= 0 0 0 F F F F
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

( 1)
F F F F

1

1

α α α α α α β
+

+ +
+

=

− =
=

∆

− =
=

7)

(3) (5) (7) (9)

(5) (7) (9) (11)

(7) (9) (11) (13)

                                  (22.7) 

F F F F
F F F F
F F F F

 
 
 



7 6 5 4 3 2
2 3 4 5 6 7

1int( )
4

(1) (3) (5) (7) (9) (11) (13) (15)

(1) (3) (5) (7) (9) (11) (13)

(1) (3) (5) (7) (9) (11)

(1) (3) (5) (7) (9

8

)

8

8

n

8

i

( )

( 1)
F F F F F F F F
0 F F F F F F F
0 0 F F F F F F
0 0 0 F F F F F

=
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

(

1

1)

Fα α α α α α α β
+

= =

− =

∆

−
=

1 2t( ) int( )
4 4

(3) (5) (7) (9)

(5) (7) (9) (11)

(7) (9) (11) (13)

(9) (11) (13 (15)

8 8

)

                                (22.8)   
F F F F
F F F F
F F F F

1

F F F F

+ +
+

=

 
 

Die Determinantenausdrücke βi(F) zeigen 
sowohl bezüglich Vorzeichen als auch Aufbau 



der Determinanten ∆k(F)  einen 
Quantisierungseffekt.  
Die Berechnung der αi aus den F(2k+1) via Gl. 
(22) kann                                                           
** sowohl rekursiv aus den Gln (22.1,2,3,4,…)                                                 
** als auch durch „Mittelwertbildung“                                                                        

1 1 2 2

i 2 i
i 2

i 1
i 1 2int( ) i 12

i 2 i

(F) ; (F)
(F)* (F)

( (F))

( (F))   ( 1)  ; i=3,4,5,...          (23)
(F)* (F)

α β α β
β βα

β
−

−

−
−

−

= =

=

∆
= −

∆ ∆
      - a beautiful solution -,                           
erfolgen.                                                                   
5.2 Rücktransformation αi    F(2k+1) 
Die zugehörige Umkehrung: Berechnung der 
F(2k+1) aus den αi via Gl. (22)  
** erfolgt rekursiv 



(1)

1

(1)
(3) * *

2 2
2

2

(5) *
32

2 3

1F 1                                                      (24.1)

F1F (F) ; (F) 0
0 0

1                                                                  (24.2)

1F

0

(F

α

α

α

α α

+ = =

− = −∆ ∆ = =

=

+ = + ∆

(1) (3)
(1) (3)

* (1) (3)
3 (3)

2 2
2 3 2

) ; 

F F
F F

             (F) 0 F F
F

1 0 0

1 1                                                     (24.3)

0

0

α α α

∆ = = −

= +

 



(7) *
2 42 2

2 3 4

(1) (3) (5)

(1) (3) (5) (3) (5)
*
4 (5)

2
2 2 3
2 3 4 2 3

1F (F) ; 

F F F
0 F F F F F

              (F)
1 0 0 0 F
0 1 0 0

1 1 1        (1 )                           (

0

24.4)

0

α
α α α

α α α α α

− = + ∆

∆ = = −

= + +

    



(9) 2 *
2 3 52 2 2

2 3 4 5

(1) (3) (5) (7)

(1) (3) (5) (7)

* (1) (3) (5)
5

(1) (3) (5)

(3) (5) (7)

(5) (7)

1+F (F) ; 

F F F F
0 F F F F

             (F)   0 0 F F F
1 0 0 0 0
0 1 0 0 0

F F F
                      F F F                  (24.5)

F

0

0F

α α
α α α α

= + ∆

∆ =

= −

………………………………………………. 

k 1 (2 k1)
2

2 3 k 1 k
k+1int( ) 1 k 3 k 4 2 *4

2 3 k 3 k 2 k

1( 1) F
( ... )

          ( 1) ... (F)  (24.6)

α α α α

α α α α

− −

−

+ − −
− −

− =

+ − ∆
 ** oder direkt: 



(1)

1

(3)

2

(5)
2 2
2 2 3

(7)
3 3 3 2 2 2
2 2 3 2 3 2 3 4

2
3

3 2 2 2
2 3 2 3 4

3
(9) 3 3

4 3 3 3 2 3 2
2 3 2 3 4 2 3 4

2 2 2
2 3 4 5

1+ F 1

1 F

1 1+ F

1 2 1 1 F

(1 ) 1      

(1 ) 1 1+ F 2

1                                    

α

α

α α α

α α α α α α α α

α
α α α α α

α α
α α α α α α α α

α α α α

= =

− =

= +

− = + + +

+
= +

+ +
= + +

+          (25.1-5)

 

Continue this sequence and find a recursion 
relation and a 2D representation for these 1D 
αi  F(2k+1) formulas. 
First approach 
** Determinant representation of the infinite     



     simple continued fraction 
3 51 2 4

1

1

2

3

4

5

2

1 2

2 2

3 2

4
5

f(x) = [0; , , , , ,...] ; 1
x x x x x

1        =                   (20.1)1
1x

1x
1x

x ...
x

x        =                     (20.2)
x

x
x

x
...

α αα α α α

α
α

α
α

α

α
α

α
α

α

=

+
+

+
+

+

+
+

+
+

+
                 



1

2

3 3

4 4

5

1

2 2

3 3

4 4

5

x 0 0 0 0

x0 1 0 0

x x0 1 0

x x0 0 1

x0 0 0 1

                (20.3)
x1 0 0 0

x x 1 0 0

x x0 1 0
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** and transformation into an infinite rational   
     function and finally into an infinite  
     polynomial 
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∞
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Example 3 
Representation of f(x) by an equation, 
Maclaurin series and infinite continued 
fraction. 
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2i2
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x 1 2 2 2 2 2f(x) [0; , , , , , ,... ;
x x x x x x1 x

                                                       abs(x) 1

± ± ±
= =

±
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1 2 4 6 8
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1,  ... 2,  
            ... 2 
α α α α α

α α α α
= = = = = = ±

= = = = =
 

 

Die Berechnung bestätigt die Gln (22), (23) 
und (24). 
Your problems 
**  Werteverläufe (Graph) von 
1) 
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(1) (3) (5) (7)

(9) (11) (13)

(15) (17)
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2 8 16
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128 256 1024
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2048 32768
12155 5*11*13*17F ,
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46189F

∞ ∞

 
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23 23
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1300075 5 *7*17*19*23F ,  ...
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=
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 
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 fuer   abs(x)<1  und fuer  abs(x)>1. 
2) 



1 2 2 2 2 2[0; , , , , , ,. . . ]
x x x x x x

± ± ±  

fuer   abs(x)<1  und fuer  abs(x)>1. 
**  Welche Funktionen stellen die  
      infinite Ausdruecke 1) und 2) fuer    
      abs(x)>1  dar? 
 
Example 4 
Representation of f(x) by an equation, 
Maclaurin series and infinite continued 
fraction. 
 

3 5 7 9

11 13

15 17

tanh x 1 2 17 62x x x x x
tanx 3 15 315 2835

1382 21844            x x
155925 6081075

929569 6404582            x x ... ;
638512875 10854718875

                                      x +         (2
2 2
π π


= + +



+

+

−

 



 

  6.1)

 



1 3 5 7 9 11 13 15           [0; , , , , , , , ,...] ;
y y y y y y y y

y = x
                                        (26.2)xy = 2 fract( )  [4]

2
π

π

± ± ± ±
=






 

Die Berechnung bestätigt die Gln (22), (23) 
und (24). 
 

What does the icf /tanx in equ. (26.2) represent 
for x 2π  ? 

 
 
 
 
 
Example 5 

Representation of f(x) by an infinite continued 
fraction and Maclaurin series. 
 



3 5 7 9

11 13

15

1 3 5 7 11 13 17 19 23primtanx = [0; , , , , , , , , ,...
x x x x x x x x x

1 2 17 884= x + x + x + x + x
3 15 315 40425

3227284 111276341866+ x + x
364188825 30987006175125
43739495320795643+ x

30056435392679821125
659054488381487995+

− − − −

17

19

287548 x
1117562738953753047643813125

1117562738953753047643813125+ x ...
34557962130026750520940903400014

+
 
                                                                                                                                                                               

                                                                                                                                                                      (27) 
 
Die Berechnung bestätigt die Gln (22), (23) 
und (24). 
 
 

6. A determinant-based infinite  continued   
    fraction representation of f(x) = u(x)/v(x)      
    for the special case   
    u(2k)(0) = v(2k+1)(0) = 0 ; k=0,1,2,3,… 
    u(1)(0) = v(0) = 1                                      
 



"In unserm Weinberg liegt ein Schatz, grabt 
nur danach!"     
Gottfried August Bürger 
The treasure is here the complete structural 
consistency of all determinants. Let’s excavate 
more, see [1]. 
6.1 Transformation of the Maclaurin series    
      of this f(x) into an infinite continued  
      fraction 
The Maclaurin series of  

u(x)f(x) = 
v(x)

  with u(1)(0) = v(0) = 1  and 
 

                             u(2k)(0) = v(2k+1)(0) = 0 ;    
                             k=0,1,2,3,…                (28.1) 

(1) (3) (5) (7) (9)

(2) (4) (6) (8)

3 (2) (4) (6)

5 (2) (4)

7 (2)

9

            

0 U U U U U
x 1 V V V V
x 0 1 V V V

       =    x 0 0 1 V V
x 0 0 0 1 V
x 0 0 0 0 1

→

−

↓   

                                                                 (28.2) 



can be reversibly transformed into an infinite 
continued fraction 

3 51 2 4
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f(x) = [0; , , , , ,...]
x x x x x

1       =                    (20.1)1
1x

1x
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x ...
x

x       =                      (20.2)
x

x
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x
...

α αα α α

α
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α
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α
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α
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+

+
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+

+
+

+
+

+
Die Kettenbruchkoeffizienten  αi  sind mit den 
normierten Ableitungswerten U(2k+1) und V(2k) 
von u(x) bzw. v(x) durch nachstehendes 
infinites Rekursionsgleichungssystem 
verbunden.                                                      
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                                                              (29.1-7) 
Die Determinantenausdrücke βi(U,V) zeigen 
sowohl bezüglich Vorzeichen als auch Aufbau 
der Determinanten ∆k(U,V)  einen 
Quantisierungseffekt.  
Die Berechnung der αi aus den U(2k) und   
V(2k-1) via Gl. (22) kann                                                           
** sowohl rekursiv aus den Gln (22.1,2,3,4,…)                                                
** als auch durch „Mittelwertbildung“                                                                        

1 1 2 2

i 2 i
i 2

i 1
i 1 2int( ) i 12

i 2 i

(U,V) ; (U,V)
(U,V)* (U,V)
( (U,V))
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(U,V)* (U,V)

α β α β
β βα

β
−

−

−
−

−

= =

=

∆
= −

∆ ∆

   

                                                              (30.1,2) 
     - a beautiful solution -,                           
erfolgen.                                                                    
 
 

Example 6
u(x) = sinx ; v(x) = cosx ; f(x) = tanx                     (8)
With equ. (8) we obtain a 2D infinite continued
fraction representation for tanx
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                                                              (31.1-4) 
.......................................................................... 



Result 
1 3 5 7 9 11 13 15tan x [0; , , , , , , , ,...]
x x x x x x x x

− − − −
=  

                                                              (31.5) 

Zum Vergleich 
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3 5 7 9
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15 17
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3 15 315 2835
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155925 6081075

929569 6404582           x x ... ;
638512875 10854718875
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π π

= + +
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1 3 5 7 9 11 13 15           [0; , , , , , , , ,...] ;
y y y y y y y y

a = x                               y = a*fract( ) ; 
a = 2a π

± ± ± ±
=

∞



                                                                                                                                                                 (32) 
 

6.2 Rücktransformation αi    U(2k-1), V(2k)
 

Special case  u(x) = x 
U(1) = V = 1 
U= U(2) = U(3) = U(4) = U(5) = U(6) = …= 
V(1) = V(3) = V(5) = V(7) = V(9) = V(11) = …= 0 
                                                                 (33.1) 
this means 
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                                                                 (33.2) 

Die Kettenbruchkoeffizienten  αi  sind dann 
mit den normierten Ableitungswerten V(2k)  



von v(x) durch nachstehendes infinites 
Rekursionsgleichungssystem verbunden.                                                                                                           
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                                                              (34.1-7) 
Nach Umformung erhält man daraus für die 
Linearprodukte der αi  
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                                                              (35.1-9) 
aus denen die αi rekursiv leicht berechnet 
werden können: 

k
k

k 1

 ; k=2,3,4,...γα
γ −

=                            (36) 

 
Die zugehörige Umkehrung: Berechnung der 
V(2k) aus den αi via Gl. (??)                             
** erfolgt rekursiv 



1

(2)

(4)

(2) (4)

(

2

2
2 3

2 2
2 3 4

2 2 2
2 3

4)
(6)

(2)

(4) (6)

(6)
(8)

(4)
4 5

1+ V 1

 V

 V

V V
0

0

V
 V

V

1

V V

1

1V

1

V
 

V

α

α α

α α α

α α α

α

α

= =

+ =

− =

+ = −

− = +
 



(2) (4) (6)

(4) (6) (8)

(6) (8)
(10)

(2) (4)

(4) (6)

(4) (6) (8)

(6) (8) (10)

(8) (10)
(12

2 2 2 2
2 3 4 5 6

2 2 2 2 2
2 3 4 5 6

)
(4) (6)

(6) (8
7

)

V V V
V V V
V V

 V
V V
V V

V V V
V V V
V V

 V
V V
V V

0

0

1

1

α α α α α

α α α α α α

+ = −

− = +  



(14)

(2) (4) (6) (8)

(4) (6) (8) (10)

(6) (8) (10) (12)

(8) (10) (12)

(2) (4) (6)

(4) (6) (8)

(6) (8)

2 2

(

2 2 2 2
2 3 4 5 6 7

0)

8

1

 V

V V V V
V V V V
V V V V
V

1

  
V V

V V V
V V V
V

       

V

     
0

V

α α α α α α α
+ =

−

(16)

(4) (6) (8) (10)

(6) (8) (10) (12)

(8) (10) (12) (14)

(10) (12) (14)

(4) (6) (8)

(4) (6) (10

2 2 2 2 2 2 2
2

)

(8) (10) (1

3 4 5 6 7

2

8 9

)

 V

V V V V
V V V V
V V V V
V V V

V V V
V V V

1

            

V V V

0
  

α α α α α α α α
+ =

+

 

                                                              (37.1-8) 



** oder direkt 



1

(2)

2

(4)

(6)
3 2 2 2
2 3 2 3 2 4

(8)
4 3 3 3 2 3 2
2 3 2 3 4 2

2
2 3

2 2
2 3 4

2 2 2
3 4

2
2 3
2 3 2 4

2 3 4 5

2 2 2
2

2
2 2 2

3 4 5

2 3 3 2 4 4

1+ V 1

1 V

 V

1 1 1 1 V ( )

1 2 1 V

1 1 1          ( )

1 1 1 1 1          [ (

1

1

1

)

1
α α

α α α

α α α α

α α

α

α

α α α α α α

α α α α α α α α

α α α α

α α α α

α

α

α

α α

= =

+ =

− =

+ = + = +

− = + + +

= + +

= + +
5

(10) 3
2 2 2 2
2 3 3 2 4 3 4 5 2 4

2 2
4 5 4 6

]

1 1 1 1 2 1 1 V [ ( ) ( )

1 1 1                        ( )]

α α α α α α α α α α

α α α α

+ = + + +

+ +

(12) 4
2 2 3
2 3 3 2 4

1 1 1 1 V [ ( ) ...
α α α α α

− = + +  



                                                              (38.1-6) 
Continue this sequence and find a recursion 
relation and a 2D representation for these 1D 
αi  V(2k) formulas. 
 
Example 9    
V(2k)  αi  
u(x) = x, v(x) = cos x 
U = 0, U(1) =1, U(2) = U(4) = U(6) =…=0 

V = 1, 
k

(2k) (2k+1)( 1)V = ,  V = 0
(2k)!
− ; k=1,2,3,4,… 



1

1 i
i=1

2

2 i (2)
i=1

(2)3

3 i (4)
i=1

1

1 1 21V
2!

1
V 2! 121V

4!

γ α

γ α

γ α

= =

= = = = −
−

−

= = − = − =

∏

∏

∏

(4)4

4 i (2) (4)
i=1

(4) (6)

1
V 4! 40

1 1V V
2! 4!V V
1 1
4! 6!

γ α= = − = − =
−

−

∏  



(2) (4)

(4) (6)5

5 i (4) (6)
i=1

(6) (8)

1 1
2! 4!

V V 1 1
V V 151204! 6!

1 1 13V V
4! 6!V V
1 1

6! 8!

γ α

−

−

= = + = =
−

−

∏  

 



(4) (6)

(6) (8)6

6 i (2) (4) (6)
i=1

(4) (6) (8)

(6) (8) (10)

5 2

1 1
4! 6!

V V 1 1
V V 6! 8!

1 1 1V V V
2! 4! 6!V V V
1 1 1V V V
4! 6! 8!
1 1 1

6! 8! 10!
131040 2 *3 *5*7*13                 

59 59

γ α

−

−

= = + =
− −

−

− −

= − = −

∏



(2) (4) (6)

(4) (6) (8)

(6) (8) (10)7

7 i (4) (6) (8)
i=1

(6) (8) (10)

(8) (10) (12)

6 3

V V V
V V V
V V V

V V V
V V V
V V V

1 1 1
2! 4! 6!
1 1 1
4! 6! 8!
1 1 1

6! 8! 10!                
1 1 1
4! 6! 8!
1 1 1

6! 8! 10!
1 1 1
8! 10! 12!

2 *3 *5*7*                

γ α= = −

− −

−

− −

= −
−

− −

−

=

∏

11*59
127

 

 



7 4 28

8 i
i=1

8 3 2 29

9 i
i=1

2 *3 *5 *11*13*127
29*1229

2 *3 *5 *7 *11*29*1229
11321

γ α

γ α

= = −

= =

∏

∏
 

 

1 2 3 4

3 4 2

5 6

2 2

7 8

2 2 2

9

2*51,  2,  2*3,  ,  
3

2*3 *7 2 *5*13,  ,
13 3*59

2*3*11*59 2*3*5*13*127,  ,
13*127 7*29*59*1229

2*7 *29 *1229 ,  ...
3*13*127*11321

α α α α

α α

α α

α

= = − = − =

= = −

= − =

=

 

 
 
 
 
 

Example 10    
V(2k)  αi 

u(x) = x, v(x) = sinx
x

 

U = 0, U(1) =1, U(2) = U(4) = U(6) =…=0 



V = 1, 
k

(2k) (2k+1)( 1)V = ,  V = 0
(2k+1)!
− ;       

             k=1,2,3,4,… 
 

1

1 i
i=1

2

2 i (2)
i=1

(2)3

3 i (4)
i=1

1

1 1 61V
3!

1
V 3! 201V

5!

γ α

γ α

γ α

= =

= = = = −
−

−

= = − = − =

∏

∏

∏

(4)4

4 i (2) (4)
i=1

(4) (6)

1
V 25205!

1 1 11V V
3! 5!V V
1 1
5! 7!

γ α= = − = − =
−

−

∏

 



(2) (4)

(4) (6)5

5 i (4) (6)
i=1

(6) (8)

1 1
3! 5!

V V 1 1
V V 110885! 7!

1 1 5V V
5! 7!V V
1 1

7! 9!

γ α

−

−

= = + = =
−

−

∏  

 

(4) (6)

(6) (8)6

6 i (2) (4) (6)
i=1

(4) (6) (8)

(6) (8) (10)

5 4 3

2

1 1
5! 7!

V V 1 1
V V 7! 9!

1 1 1V V V
3! 5! 7!V V V
1 1 1V V V
5! 7! 9!
1 1 1

7! 9! 11!
2 *3 *5 *7                 

11

γ α

−

−

= = + =
− −

−

− −

= −

∏

 
 



(2) (4) (6)

(4) (6) (8)

(6) (8) (10)7

7 i (4) (6) (8)
i=1

(6) (8) (10)

(8) (10) (12)

6 3

V V V
V V V
V V V

V V V
V V V
V V V

1 1 1
3! 5! 7!
1 1 1
5! 7! 9!
1 1 1

7! 9! 11!                
1 1 1
5! 7! 9!
1 1 1

7! 9! 11!
1 1 1
9! 11! 13!

2 *3 *5*11                

γ α= = −

− −

−

− −

= −
−

− −

−

=

∏

4 *13
43*61

 

 
 



7 4 2 28

8 i 2
i=1

8 2 39

9 i
i=1

2 *3 *5 *7 *11*13*43*61
17 *6121

2 *3 *5*7*11*13*17 *6121
1029037

γ α

γ α

= =

= =

∏

∏
 

 
 

2

1 2 3 4

2 2 4

5 62 3

6

7 2

2 2 2

8 3 2

8 2 3

9

2*5 2*3 *71,  2*3,  ,  ,  
3 11

2*11 2*3 *5,  ,  
5 11

2*11 *13 ,
3*5 *7*43*61

2*3*5*7 *43 *61 ,
11 *17 *6121

2 *3 *5*7*11*13*17 *6121,  ...
1029037

α α α α

α α

α

α

α

−
= = − = =

= = −

= −

=

=
 
 

Example 11   
αi  V(2k)  

α1=1, α2=3, α3=5, α4=7, α5=9, α6=11, …  



0 0

0

2 2
(2)

2

4 4
(4)

42

6 6
(6)

63

8 8
(8)

83 2

10 10
(10)

105

2 2V=1 * 1*B
0! 0!

1 2 1 2V = * *B
3 2! 3 2!

1 2 1 2V = * *B
3 *5 4! 30 4!

2 2 1 2V = * *B
3 *5*7 6! 42 6!

1 2 1 2V = * *B
3 *5 *7 8! 30 8!

2 2 5 2V = * *B
3 *5*7*11 10! 66 10!

= =

= =

− −
= =

= =

− −
= =

= =

 

 
12 12

(12)
126 3 2

2*691 2 691 2V * *B
3 *5 *7 *11*13 12! 2730 12!

                           691  Bernoulli marker!

− −
= = =

−
………. 

2k
(2k)

2k
2V *B  ; k=0,1,2,3,4,...

(2k)!
=  

 

                       B2k – Bernoulli numbers 
 



2k
2k2k

k=0

2 *Bv(x)  x  = x*cthx ; 0 abs(x)
(2k)!

π
∞

= ≤ ≤∑  

 

84 12
4 8 1284 12

6 102
2 6 106 102

84 12
4 8 1284 12

v( 1*x) re[v( 1*x)]

                        1*im[v( 1*x)]
2 *B2 *B 2 *B1 x x x ...

4! 8! 12!
2 *B 2 *B2 *B1*( x x x ...)

2! 6! 10!

re[v( 1*x)] re(v)
2 *B2 *B 2 *B1 x x x

4! 8! 12!

− − = − −

+ − − −

= − + − ±

+ − − + −

− − = =

− + − ±



6 102
2 6 106 102

...

im[v( 1*x)] im(v)
2 *B 2 *B2 *B x x x ...

2! 6! 10!

− − = =

− + − 

 
 
 
Example 12   



αi  V(2k)  
α1=1, α2=3, α3=5, α4=7, α5=11, α6=13, α7=17, 
αi=primi   
 

(2)

(4)
2

(6)
3

(8)
4 2 2

2
(10)

3 3 2

V=1
1+V =
3

1V =
3 *5

2V =
3 *5*7

229V =
3 *5 *7 *11

2 *9287V =
3 *7 *11 *13

+

−

+

−

+
 

(12)
6 3 4 3 2

(14)
7 3 5 4 3 2

2*3593*243403V
3 *5 *7 *11 *13 *17
2*59*307*38803*120569V

3 *5 *7 *11 *13 *17 *19

− =

+ =

………… 
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