Unit 61
A determinant-based Maclaurin series and
Infinite continued fraction representation

of real functions f(x), esp. f(x) = ux) .

V(X)

1. The problem
f(x) Is a real analytic function represented by

an equation.



=——~7:i=0,1,2,3,... ; F¥ =F = f(0) (1)

!
denotes the normalized i-th derivative of f(x)
evaluated at x=0.

The present talk shows the possibility of a
reversible, consistent determinant-based
Maclaurin series and infinite continued fraction

V(X)

2. A determinant-based Maclaurin series

representation of f(x), esp. f(x)

representation of f(x)



The Maclaurin series of f(x)
f(x) = > FOX'
iI=0

=FO 4+ FO9% + FO%* + FO* + F9%* +...  (2)

can be represented by the infinite determinant
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x 01 0 0 O
fx)=-|x> 0 0 1 0 O . (3

xX* 0 0 0 1 O

x* 0 0 0 0 1
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3. Extension of the determinant
representation equ. (3) for f(x) = u(x)/v(x)



Equ. (3) Is the suitable launch pad (see [1])
for the following extension:
The Maclaurin series of

100 =40 - y0) =1 ;

v(X)
u(x) and v(x) are real analytic functions (4)
can be represented by the infinite determinant
fx) = 21X
v(X)
0 U UL y® y® yw»
1 1 VO yv@ vy @
X 0 1 V(l) V(2) V(3)
=—|x> 0 0 1 V% v¥ . (5)
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4. Special cases of equs (4) and (5)
4.1



In the special case
u(x) =1
we obtain from the Maclaurin series of

V(X) = iv(i)xi v(0)=V =1

via equ. (5) the infinite power series of 1

V(X)
In determinant representation

1 _
00
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(6.1)

(6.2)

(6.3)



For the special case

u(0) =u? ) =u*0)=u®0)=...=0;

v (0) =v®(0)=u®(0)=u"(0)=...=0 (7.1)
equ. (5) can be reduced to

fx) = 1) _

V(X)
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x> 0 0 0 0 1

\ N



Example 1

Given f(x) = ux) by an equation.
V(X

Find an infinite determinant representation and the

corresponding Maclaurin series of f(x).

u(x) = sinx ; v(X) = cosx ; f(x) = tanx
With equ. (8) we obtain a 2D infinite determinant

representation for tanx

, 111 1 1
1 31 51 71 9l
L1111 1
0l 21 41 6 8
o og L0111
. ol 21 41 B!
tanx:—:_x5 0 0 1 1 1
cosX ol 21 41
0 o0 o x %
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X 0 0 0 1
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(8)

(9.1)



=X+ 1X3+ £X5+ £X7+ £X9+...

3 15 315 2835

T ex<+ X (9.2)
2 2

What does the series in equ. (9) represent for

abs(x) > % ?



Comparing the equs (9) with the canonical
Maclaurin series of tanx

o0 21 2i . _ _
tanx = 2 (2 1) (_1)|—1 BZile—l ’ _Z X< +£
~(2i)) 2 2
(10)

we get a 2D determinant representation of the

Bernoulli numbers [2,3]
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determinant of i-th order
(11)

Similar 2D determinant representations of By; are



101 1 1 1
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determinant of 1-th order
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determinant of 1-th order



Example 2

Given f(x) = ux) by an equation.
V(X

Find an infinite determinant representation and the
corresponding Maclaurin series of f(x).

X

u(x) = x; v(x) = cosx ; f(x) = oo

With equ. (14) we obtain a 2D infinite determinant

: X
representation for ——

COSX

COSX
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2! 41 6! 8! 10! ~
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or 21 41 6! 8l

0 1 1 1 1

or 21 41 6!
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(15.1)



1 5 61 ,, 1385
=X+ =x’+ —x°+ —x'+ X +... .

27 247 7200 40320
2 x<+Z (152
2 2




Comparing equs (15) with the Maclaurin series
X

of ——
COSX

2|+1 T T
— — ; —— <X <+— 16
COSX Z (2|)'( DE 2 2 (16)
we obtain a 2D determinant representation of the
Euler numbers [4,5]
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determinant of 1-th order



The comparison of the equs (12) and (17)
shows the close structural connection between
Bernoulli and Euler numbers.

Find a Pascal’s triangle representation for E,;
corresponding to B,; equ. (14).

Another interesting comparison!
Pascal’s triangle and the sum of powers of
Integers
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(6+1) by (6+1) determinants

(18.1)
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A(k=7,n)=|p°

(18.2)

7 by 7 determinant
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(6+1) by (6+1) determinants

(18.4)



1 100 0 0 O
pP 1. 1.0 0 0 O
p° 0 31 0 0 O
Dk=7n)=[p> 0 1 6 1 0 O
p* 0 0 510 1 O
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7 by 7 determinant (18.5)

; (_1) n-ii2k ] D(k’n)
i('l)n-iiz D(k,l)

=1

> ()= i=—p; pen(n+)

(18.6)

5. A determinant-based infinite continued
fraction representation of f(x) for the
special case f*9(0) =0 ; k=0,1,2,3,...

f(0) =1
corresponding with section 4.2
5.1 Transformation of the Maclaurin series



of this f(x) into an infinite continued
fraction
The Maclaurin series of

f(x) withf®™0)=0 —F*Y=0;k=0,12,3,...
and f®Y =1 — FW=1

= FO% + F9%° + FO%° + FO%" + F9%° + ..

0 |:(1) |:(3) |:(5) |:(7) |:(9) N
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can be reversibly transformed into an infinite
simple continued fraction



(20.1)

(20.2)

a, +
o + ...

Die Kettenbruchkoeffizienten o; sind mit den

normierten Ableitungswerten F**% von f(x)

durch nachstehendes eindeutig umkehrbares

Infinites Rekursionsgleichungssystem

verbunden.

Werteverlaufsgleichheit

In unterschiedlichen Definitionsbereichen und

mit unterschiedlichen Konvergenzverhalten.
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o, 03,0505 = f3; (F)

(ﬂ)
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o, 030,505t = B (F)

()"
O FO O F(?) |:<9) F0)  Ead)
0 F® EF® E® EO EO g
0 0 F© F® g® O FO
A=l0 0 0 F© F@ FO FO
1
0

0 0 0 0 0 0
1 0 0 0 0 0
0 O 1 0 0 0 0
742
(_1) int( ! ) (=) _1

OO =0 (22.7)
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0, 030,05 05 0t = 3 (F) =
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Die Determinantenausdrticke Bi(F) zeigen

sowohl beztglich Vorzeichen als auch Aufbau

(22.8)



der Determinanten Ax(F) einen
Quantisierungseffekt.

Die Berechnung der o; aus den F**" via GI.
(22) kann

** sowohl rekursiv aus den Gin (22.1,2,3,4,...)
** als auch durch ,,Mittelwertbildung*

o, =p(F); a,=p,(F)
_ _ B ()*B(F)
- (BL(R)Y
- a beautiful solution -,
erfolgen.

5.2 Riicktransformation o; — F**Y

Die zugehorige Umkehrung: Berechnung der
F*aus den o;via Gl. (22)
** erfolgt rekursiv
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—F = ———+ a,A,(F) ;
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A, (F) =
+(F) Lo
0 1
1 1
=———+ 3(1+—)
a,0,a, o,

|:(5)

|:(3)
0
0

|:(5)
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Q00,0
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** oder direkt:
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1+a,)’ 1
= 3 2 T2 2
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3
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1
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+ F® =

Continue this sequence and find a recursion
relation and a 2D representation for these 1D

a; — F@* Y formulas.

First approach
** Determinant representation of the infinite



simple continued fraction
a, o, o, O

fx)=[0:2 %2 % % I 1.4 =1
X X X X X
1
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X a4+ 1
X %
X
X
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X
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_X 1 X 0 0
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** and transformation into an infinite rational
function and finally into an infinite

polynomial
ZbiXZI
X 00
= (20.4)
o, 2i
a, X
0 b, b, b, —
X" d, 4a, d;
x> 0 1 a a
:_L 4 1 2 (205)
al X O O 1 al
x* 0 0 0 1
J \
d, =D, =
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Example 3
Representation of f(x) by an equation,

Maclaurin series and infinite continued
fraction.



L,
f(x) = X i (il)i ' 2i+1

2 22i X
1+ X i=0

:iF(2i+l)X2i+1; |X|<1
=0

1 3 5
|:(1) =1 F(B) —F=, F(5) S F(?) >
T2 : 16
F(9) :E F(ll) _ _E F(13) _ 231
128" 256 1024
F(15) :1 429 ’ F(17) _ 6435 |
2048 32768
F9) _ - 12155 - 5*11*13*17
216 216 )
e _ 46189 11*13*17/*19
_ 218 — 218 ,
F(23) —— 88179 _ 3*7*13*17 *19
219 219 J
F(25) _ 676039 7*13*17*19*23
o 222 - 222 ;
1300075 _ 5**7*17*19*23
F(27) =T — T
223 223



f(x) = =[0;=— = — ==
1+ x2 X X X X X X
abs(x) <1
o =1 a,=0,=0, =03 =...= 12,
Oy =0 =0, =0y =...= 2

Die Berechnung bestatigt die Gln (22), (23)
und (24).

Your problems

** Werteverlaufe (Graph) von

1)



[2lj
Z ($1)i 2|2i X2i+1 _ Z F(2i+1)X2i+1
i=0

iI=0

|:(1) _1 |:(3) _ 1 |:(5) _ 3’ |:(7) =T o
3 16°
F(9) :E F(ll) _ $§ F(13) _ 231
128" 256 1024°
F(15) -7 429 F(17) _ 6435
2048 32768
Fa9) _ - 12155 - 5*11*13*17
216 216 !
) _ 46189 B 11*13*17*19
o 218 T 218 ’
F29) _ - 38179 3*7*13*17 *19
o =+ o1
(25) _ 676039 (*13*17 *19*23
2 222 o 222
on 1300075 _ 5°*7*17 *19*23
F</ =x 7 =F =

fuer abs(x)<1 und fuer abs(x)>1.
2)



[O;_1_’_!_ IR ]

fuer abs(x)<1 und fuer abs(x)>1.

** Welche Funktionen stellen die
Infinite Ausdruecke 1) und 2) fuer
abs(x)>1 dar?

Example 4

Representation of f(x) by an equation,
Maclaurin series and infinite continued
fraction.

tanh x 1 N 2 N 17 o 62
=XF=-X"+—X F—X'+——=X
tanx 3 15 315 2835
_ 1382 i 21844 E

155025 6081075
920569 ., 6404582 ., _

+ + + ...,
638512875 10854718875

T ox<+Z (26.1)
2 2



(L35 79 #1113 #15
1y1 yly! y1y1 y 1y1 y ) ]
4 y:X
X
y = 2xfract(—) [4]
\ 27

(26.2)

<

Die Berechnung bestatigt die Gln (22), (23)
und (24).

What does the icf /tanx in equ. (26.2) represent
for x| > 27 ?

Example 5
Representation of f(x) by an infinite continued

fraction and Maclaurin series.



1 35 -7 11 -13 17 -19 23
primtanx = [0;—,—,— .

X X X X X X X X X

_ 1 5 2 17 , 884
=X+ =X+ —X+——Xx'+ X
3 15 315 40425
3227284 Wy 111276341866 13
364188825 30987006175125

43739495320795643 15

+
30056435392679821125
659054488381487995287548 W7

1117562738953753047643813125
1117562738953753047643813125 R

34557962130026750520940903400014

(27)

Die Berechnung bestatigt die Gln (22), (23)
und (24).

6. A determinant-based infinite continued
fraction representation of f(x) = u(x)/v(x)
for the special case
u®0) = v®(0) =0 ; k=0,1,2,3,...
uY(0) = v(0) =1



"In unserm Weinberg liegt ein Schatz, grabt

nur danach!"

Gottfried August Blrger

The treasure is here the complete structural

consistency of all determinants. Let’s excavate

more, see [1].

6.1 Transformation of the Maclaurin series
of this f(x) into an infinite continued
fraction

The Maclaurin series of

f(x) = % with u”(0) = v(0) = 1 and

u(2k)(0) — V(2k+1)(0) =0 ,

k=0,1,2,3,... (28.1)
0 U(l) U(3) U(5) U(7) U(9) N
X 1 V(2) V(4) V(6) V(8)
X3 0 1 V(2) V(4) V(6)
=-x* 0 0 1 V@ y®
x 0 0 0 1 VY
x> 0 0 0 0 1
\! Ny




can be reversibly transformed into an infinite
continued fraction

a, o, o, A, «
f(X):[O1 11 21 31 41 51"'
X X X X X
1
= (20.1)
a, 1
J’_
X 1
_|_
X Q 1
i a 1
X . .
X %
X
X
= > (20.2)
a, + X
1 a., + X’
2 a. + X’
3 X2
a, +
o + ...

Die Kettenbruchkoeffizienten o; sind mit den
normierten Ableitungswerten UV und v
von u(x) bzw. v(x) durch nachstehendes
Infinites Rekursionsgleichungssystem
verbunden.



(il)

)" =1,

ﬂl(u V) U 1)
t(ﬂ)
(-1)
o, = U,
, =B, (UV) = AU, V)
U(l) U(3)
AZ(U’V): v Vv®
., 3+1
()" =1

0522053 B;(UV) = A (UV)

U D) U (3) U (5)

A,(UV)=| 0 U® U®

\Vi V(2) V(4)




adala, = B,(UV) =D

4 3 2
O, Oy O, O =

A (UYV) =

4+1

nt(—)
A, (U, V)
U(l) U(3) U(5)
0 U(l) U(3)
A4(LJ,V): V V(Z) V(4)
o0 Vv VY
5+1
t(—)
1
A
AS(U,V)
U(l) U(3) U(5) U(7) U(9)
0 U(l) U(3) U(5) U(7)
0 0 U(l) U(3) U(5)
V V(2) V(4) V(6) V(8)
0 vV V(2) V(4) V(6)




n"e =1
aolaiaia U, _
27374 6 ﬂ6( ) AG(U,V)
U(l) U(3) U(5) U(7) U(9) U(ll)
0 U(l) U(3) U(5) U(7) U(9)
0 0 U(l) U(3) U(5) U(7)
A (UYV) =
V V(2) V(4) V(6) V(8) V(10)
0 V V(2) V(4) V(G) V(8)
0 0 vV V(2) V(4) V(6)
1) (ﬂ)
adaiaioda, - 5,0V - S oo

A, (U\V) =

u® y® y® y® y® yu yswv
0 u® y® y® y® y® yw
0 0 u® y® y® y® y®
0 0 0 u® uy® y® yo
VAR Y.ORRVICO R VIO VIO R VICO BRI
0 VAR VISR VIO VIOBERVIOBERYICY
0 0 vV VO y@  yE 6




(29.1-7)
Die Determinantenausdrtcke Bi(U,V) zeigen
sowohl bezlglich Vorzeichen als auch Aufbau
der Determinanten A(U,V) einen
Quantisierungseffekt.
Die Berechnung der o; aus den U% und
V&1 via Gl. (22) kann
** sowohl rekursiv aus den Gln (22.1,2,3,4,...)
** als auch durch ,,Mittelwertbildung*

a, =4 (UV); a,=p,(UV)
_BLUM*BUY)

| (B4 (UV))*
i”t(i%l) (Ai—l(U1V))2

=(-1) 1 i=3,4,5,...
A, (UV)*A, (U V)
(30.1,2)
- a beautiful solution -,
erfolgen.
Example 6
u(x) =sinx ; v(x) = cosx ; f(x) = tanx (8)

With equ. (8) we obtain a 2D infinite continued
fraction representation for tanx



o, A o, o a
tanx = [0;—=,—=,—=,—=, =], o, =1
X X X X X
1
= (20.1)
a, 1
_|_
X 1
+
X Q 1
* 1
(04
X 4_|_a
X %
X
X
= : (20.2)
a, + X
: a., + X2
2 a., + X2
3 X2
064-|-
0(5—|—

with



1 1 _1

o - _ =—=1;:
L oAUy Ul
1!
&, = A, (U,V) C|u® y®| u®—vy®@
V V(2)
1 -1

1 3| 3 2

1

or 21

mt(i;l) (Ai_l(u’v))z 1=3.4.5
Ai—z(U’V)*Ai(U’V) | o




) (A, (U,V))

Oy = (_1) -
A, (U,V)*A,(U,V)
u® Yo 2
vV V(2)

U 1) U (3) U ()
U 1) % 0 U @ U (3)
vV V(2) V(4)

(U(3) _V(2))2

- UG *[(U® V@) _y®Uu® —_v@)]

1 -1f
11 3!
1 -1 1
_Jor 2 __ 9 _¢
1 -1 1] 1
11 31 5l 45
g 1 -1
1! 11 3l
1 -1 1

or 21 A4l



int(g) (A, (U,V))?

a, =(-1)
A, (UV)*A,(U,V)
1 -1 1f
11 31 5l
1 -1
1 3
1 -1 1
0! 21 4!
T 1 -1 1 -1

11 31 51 71
1 1], 1 -1 1
1 3| 1 3 5l
1 -1 |1 -1 1 =1

or 21 |0t 2t 41 6l

o 1 -1 1
or 21 4l
-1,
) —(4—5) -
(——) - 1oe)



Result

1 -3 5 —7 -11 13 -15
tanX:[O;_,_,_,_,_, ) )
X X X X X X X X

(31.5)

, 11111
1 31 5 71 9
11111
ol 21 41 6l 8l
o oo 1111
tanhx} ol 21 41 6l
- 1 1 1
tanx =% 00 oh o @
7 1 1
w0 0 0 X
X 0 0 0 1
0!

J N




1 2.5 17 7, 62
=XF-X +—X F—X"+——X
3 15 315 2835

_ 1382 W1 21844 RE

155025~ 6081075
929569 ., 6404582

_|_
638512875 10854718875

S
T T
X<+
2 2

(ol #8547 9 #1118 415 .
1y1y1y1y1y’ y 1y1 y yrrr ] 9

y = a*fract(i) ; {
a

a= o
a=2rx
(32)

6.2 Rucktransformation o; — U@ 2K
Special case u(x) = x

uW=v=1
U= U(Z)— U(3)— U(4)— U(5)_ U(6)_ =
V(l) — V(3) — V(5) — V(7) — V(9) _ V(ll) - =0

(33.1)
this means



j— — = , al — V = l
V(¥ +3 V@K@
k=1
(33.2)
Die Kettenbruchkoeffizienten «; sind dann

mit den normierten Ableitungswerten V'



von v(X) durch nachstehendes infinites
Rekursionsgleichungssystem verbunden.

(1il>

()" =1,

:ﬁl(u1v) — 1




(4—”)

i, = pUNy =D

A 4(U,V)
1 0 0 0
AL (UV) = 0 1 0 0
’ 1 V@ y® e
0 1 \VARRRVAS
\VARRR VIS
BVEERVC

t(ﬂ)

otedia, = p V)= Lo

0 0 0 0
1 0 0 0
0 1 0 0
V@ @ 6 \/(6)
1 (VAR VIO VIO

V(4) V(6)
V(G) V(8)

A;(UV) =

o b O O Bk




5 4 _3 2

O, 0L 0,0 Oy =

A (UYV) =

o O B O O -

(ﬂ)

p.(UV) = 12 T
s \Y,
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
V@ @ O B y/10)
1 \VAREER V(O R VIO R Y/C)
0 1 Ve y@® 6
Ve y@® 6
\WAREERVIO R V/C)
\WARRER VIO RN VICY




(ﬂ)

(-1)

ay 50,0505, = f5,(U.V) =

A7<u,v>
A, (UV) =
1 O 0 0 0 0 0
0 1 0 0 0 0 0
0 O 1 0 0 0 0
0 O 0 1 0 0 0
1 V@ & O B A0 \y(12)
0 1 V@ @ 6 @)y (10)
0 0 1 (VAR VG R VIO B VIC)

V(4) V(6) V(8)
__ I\ 7(6) (8) (10)
V \V V
V(8) V(10) V(12)

(34.1-7)
Nach Umformung erhalt man daraus fur die
Linearprodukte der o






V(4)
V(6)
V(6)
V(2) V(8)
V(4)
V(4) V(6)
V(6)
V(6) V(8)
V(8)
V(2) V(lo)
V(4)
V(4) V(6)
V(6)
V(G) V(S)
V(8)
V(4) V(lo)
V(6)
V(6) V(8)
V(8)
V(8) V(lo)
V(10)
V(4) V(lz)
V(G)
V(6) V(8)
V(8)
V(8) V(l V(lo)
V(2) :
V(4) V(lz)
V(4) V( V(G)
6) )
V(6) V(8 V(8) V )
) (1
v® VAR U
V(lO) V(12)
V(12)
V(14)




VAR VIR VIO R VIC)
V@ oy B \(10)
\WA R VAR VICO R YAt

9 V@ A0 \s(12) oy s(14)

7 \VASZEER VAO R VIC/ IR YICY
VO @) A0 \/(12)
V@ \A0) \s2)y/(4)
VU0 \/(2)  \A4)y /(16)

(35.1-9)
aus denen die a; rekursiv leicht berechnet
werden kénnen:

a, =-2% k=234,.. (36)
Yk

Die zugehorige Umkehrung: Berechnung der
V@ aus den o via GI. (??)
** erfolgt rekursiv






V(2) V(4) V(6)
V(4) V(6) V(8)
o) 1 V(6) V(8) 0
tV :azazazaza - \VARRR VAR
2345 6
V(4) V(6)
V(4) V(6) V(8)
V(6) V(8) V(10)
1 V(8) V(10) 0
_\/12) _
v - dlalalalala ’ v®  y®
o UghyhgUg ULy

V(G) V(8)




+ VI = L

cialaaiaiaia,
\VASY
\VA
\VAL
V(10)

\VA%
\VASY
\VA
\WAL

\VAS
VAR
V(10)
VAR

V(8)
V(10)
V(12)

V(2)
V(4)
V(G)

1

V(4)
V(6)
V(8)

V(6)
V(8)
V(10)

+ V1) =

2 2 .2 2 2 2 72
Oy Oy 0Ly Ol Ol Oy Ol Ol

\VASY
\/(©)
\WA
V(10)

v/ (©)
VA
V(10)
V(12)

V(8)
V(10)
V(12)
VAR

V(10)
V(12)
V(l4)

V(4)
V(4)
V(8)

V(6)
V(6)
V(10)

V(8)
V(10)
V(12)

(37.1-8)



** oder direkt



+V=—=1
a,
+V(2):i
a,
_V(4): 1
0‘220‘3
1 1 1 1 1
+V® = 3 2T 2 2 T 2 2( +—)
o a,aia,  a,an A, a,
1 2 1 1
_V(8):43+33 T 3 2T 2 2 2
A0 A0, OO, OOl OOy
1 1 1., 1
Y 3( +—)" + 2 2 2
a0 A, o, oLoid,d.
1 1 1 1., 1
=——[—(—+—)" +——]
a,o, A, A, A, o,
1 1 1 1 2 1 1
+ VO = — [ (—+ )+ ———(—+)
o A a, a, @ Aol A, Q,
1 1 1
+——(—+—)]
aa; a, a
1 1 1 1
_ V@@ — [—(—+—)" +...

2 _2 3
a,a; o, o, Q



(38.1-6)
Continue this sequence and find a recursion
relation and a 2D representation for these 1D

ai — V@ formulas.

Example 9

V& — g

u(x) = X, v(X) = cos x

U=0,UY=1 u®=u®=u®= =0

__1\k
V i 1’ V(Zk): ((Z:II;))l ! V(2k+1): 01 k:11213141---



-1

21 4]
1 -1
41 6!

=40



-1 1

21 41
V(2) V(4) 1 1
v@  vOE i el 15120
V@O ve 1 13
Ve  y® 41 o

-1 1

6! 8!




1 -1

V(4) V(6) il::_ ?—!

—f[a—+ VASRVAL 6! 8!
Ve = g i NECEEVZIERVEG -1 1 =
V@ e e 2! 41 6!
ve ye yw| |1 -1 1
41 6! 8l
-1 1 -1
6! 8! 10!

59

131040 2°*3**5*7*13




V(2) V(4) V(6)
V(4) V(G) V(8)
V(6) V(8) V(10)
V(4) V(6) V(8)

1 1 -1
21 41 6l
1 -1 1
41 6! 8l
1 1 -1
~|6! 8! 10!
T l1 -1 1
41 6! 8
1 1
6! 8! 10!
1 -1 1
8l 10! 12!
| 20 *FPHExTH]1*5Q

127



_]%[av___27*34*52*11*13*127
e =114 29%1229
9 28 *x3¥ %52 %72 %1 1% 29*1229
7/9:Hai:
| 11321
x*
a, =1, 0‘2:—2, a3:—2*3, a4=%,
2*3Fx7 24 *5%1 3
0[52 y a6:_ y
13 3*59
_ 2*3*11*59° Cx__2*3*5*13*1272
! 13*127 ' %  7*29*509%*1229
| 2%7°%29% %1229

Xy = x1ax * o
3*13*127*11321

Example 10
\VAG

u(x) = x, v(x) = sinx

X
U=0 UY=1 U®P=u®=u®=, =0






11°

-1 1
" “ 3! 5l
VeV 1 -1
5 V(4) V(6)
. |51 71] 11088

Vs ];[ai_+v(4) V(6) B 1 -1 B 5

Ve  y® 51 71
-1 1
/1 9l
1 -1
V(4) V(G) > r
-1 1
VARAVAL 719
- Ha- =+ ' .

Ve | i V(z) V(4) V(6) -1 1 -1
V(4) V(6) V(8) 3! 51 71
\VAQRERVIORERYICS 1 -1 1

51 71 9l

-1 1 -1

/19l 111
25*34*53*7




\VAORER VISR VIO

\VASR VIO R VIO

VO @) \10)

VAR VIO R Vi)

\WAQRER VIR YICY

V@ A0 y/U12)

-1 1 -1

3 5 71

1 -1 1

>t 71 9l

-1 1 -1
7o

1 -1 1

>t 71 9l

-1 1 -1

7191 11

1 -1 1

ol 111 13!
| 25%FPx5x]1 %13

43*61




2" *3P X2 *72*]11*13*43*61

8
Q.
s 1_1[ i 172%6121
3 P8 *x32xkExT*x]1*]3*17°*5121
7/9 :Hai o
i1 1029037
~2*5 2% 3 *7
a =1 a, =-2*3, a,= L a, =
1 2 3 4 11
2*11? 2*3%*54
a5 — 52 y a6 — 113 ’
2*11°*13
0[7 —_ 2 y
3*5°*7*43*61
| 2*3F5*TPHAT 6T

a8 o 3 % 2 x
11°*17-*6121
| 2P *FAGHRT*11*13*170 %6121

a, -

1029037

Example 11
o — V&

a1=1, o,=3, a3=b, o4=7, a5=9, og=11, ...



2, 2

V=1= = —1*B,
0! 0l
v<2>—3 2° 1 2_2

3 21 3 21 2

yoo -1 _2t,-1 2,
3*5 41 30 4
Vv © = : 2 :26* 1 :26*56
37*5*7 o! 42 06!
oo -1 2,1 2 ‘B,
F*52%7 gl 30 8
\WARDE 2 _ 2" * 0 _ 2" *
P*5*7*11 10! 66 10!

—2%691 2 —691 2%

4

10

V(12)

36*53*72*11*13 121 2730 12!
691— Bernoulli marker!

== _*B_ :k=0,1,2,34,...

B, — Bernoulli numbers

12



V()= (2k|)3!2k x* = x*cthx ; 0 <abs(x) <

V(Y ==1*x) = re[v(—v=1*X)]
+=1Fimv(y =v=1*X)]

=1- 2°*B, X* + 2B, X° — 2°*B,, X' +
41 8! 121
+=1%( - 2 "8, X + 2B, X° — 2> By,

2! 6! 10!

re[V(y—/—1*X)] = re(v) =

_24*84 28*88 X8_212*BIZ X12+
] 12! o

41
im[v(y/—v=1*x)] = im(v) =

_ 22 ;IBZ XZ n 26 76'<|BG X6 B 21017;|B10 Xlo 1

1 X4 +

Example 12

X10$“.)



aj — V(Zk)

a1=1, o,=3, as3=5, oyu=7, as=11, as=13, a,=17,
(Xi:primi —

+V=1
+V(2) = 1
3

1
3°*5
VO=__2
F*5*7
229
(8) —
-V 34 *52 *72 *11
2% *9287
3 *7° %11 *13
Vv 2*3593*243403
B N 36 *53 *74 *113 *132 *17
v — 2*59*307*38803*120569
+ T 37 *53 *75 *114 *133 *172 *19

Vv =

+VH0 =
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